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Demand-Aware Content Distribution on the Internet

Srinivas Shakkottai, Member, IEEE, and Ramesh Johari, Member, IEEE

Abstract—The rapid growth of media content distribution on the
Internet in the past few years has brought with it commensurate
increases in the costs of distributing that content. Can the content
distributor defray these costs through a more innovative approach
to distribution? In this paper, we evaluate the benefits of a hybrid
system that combines peer-to-peer and a centralized client-server
approach against each method acting alone. A key element of our
approach is to explicitly model the temporal evolution of demand.
In particular, we employ a word-of-mouth demand evolution model
due to Bass [2] to represent the evolution of interest in a piece of
content. Our analysis is carried out in an order scaling depending
on the total potential mass of customers N in the market. Using
this approach, we study the relative performance of peer-to-peer
and centralized client—server schemes, as well as a hybrid of the
two—both from the point of view of consumers as well as the con-
tent distributor. We show how awareness of demand can be used to
attain a given average delay target with lowest possible utilization
of the central server by using the hybrid scheme. We also show how
such awareness can be used to take provisioning decisions. Our in-
sights are obtained in a fluid model and supported by stochastic
simulations.

Index Terms—Bass diffusion, content distribution, delay guar-
antees, peer-to-peer (P2P).

1. INTRODUCTION

EDIA content delivery over the Internet has been
M rapidly growing over the past few years. Content that
is available spans a wide range, including software packages,
music and video files for purchase, streamed music and video,
and streamed real-time events. Different types of content re-
quire different kinds of quality-of-service (QoS) guarantees,
and in turn, performance is dictated by investments into transit
bandwidth and server capacity on the part of the content
distributor. For example, YouTube, whose content consists
of streaming stored video, acts as its own content distributor
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(through Google); prior to acquisition by Google, it was es-
timated that YouTube spent over $20 million per month for
transit bandwidth [1].

Can the content distributor defray this cost through a more
innovative approach to distribution? In particular, one possible
solution is to leverage peer-to-peer (P2P) technology, which
means that each user implicitly provides a fraction of the transit
capacity required, hence reducing the cost to the content dis-
tributor. At the same time, P2P distribution can perform poorly
if the number of peers available is insufficient to meet demand;
thus, maintaining some central server capacity alongside P2P
distribution seems desirable.

In this paper, we study hybrid schemes that combine P2P
and centralized client—server mechanisms for file distribution.
In contrast to most prior work on P2P mechanisms, we explic-
itly consider a word-of-mouth demand model for the evolution
of interest in a piece of content. In such a model, interest in
content grows as interested users contact others and make them
interested. This is in contrast to the usual assumption that all de-
mand for a piece of content arrives at once.

The use of this demand model allows us to analyze a delicate
tradeoff in the design of hybrid content distribution systems. In
the early phases of interest in a piece of content, few individ-
uals possess the content; thus, P2P distribution would perform
poorly, so centralized client—server distribution is preferred. On
the other hand, as the number of individuals possessing the file
increases, the peer cloud grows—and P2P dissemination be-
comes the preferred mode of operation. This suggests that by
optimally combining the two schemes, one can reap the best of
both worlds.

Our main goal is to provide qualitative performance analysis
that can help guide server provisioning decisions in such hybrid
systems. We use a fluid model to study the benefits of combining
P2P and client—server distribution in the case of files that are
popular and whose demand follows a word-of-mouth evolution.
We offer several main insights. First, we characterize the rela-
tive performance of P2P, client—server, and a hybrid scheme for
dissemination of a single file in a scaling regime where the target
population size grows large. Second, we characterize the ca-
pacity provisioning necessary to achieve a given average delay
target when multiple files are served by the same provider. Fi-
nally, we use numerical experiments to illustrate the impact of
departures and the efficiency of P2P dissemination on our re-
sults. These insights are described fully in Section I-A.

We emphasize that we focus on stored content, i.e., content
that is only used after downloading the entire file. Examples
are those of software packages and of music or video files sold
at online stores such as iTunes. The files do not have a hard
delay constraint, and all that is needed is that, on average, the
user does not experience a large waiting time. (We also show in
Appendix B that streaming of stored content can be viewed as
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a possible extension of this model in which each file is broken
into chunks, with each chunk having a deadline before which it
must be received.)

File distribution should be contrasted with streaming of real-
time events, where all interested users are watching (almost) the
same content at the same time and, hence, require some version
of Internet multicast. In real-time streaming, the chunks of the
file are generated in real-time, and there would be a hard delay
constraint on the delay between the generation and reception
of each chunk. We do not study hybrid schemes for real-time
streaming in this paper using Internet multicast; that remains
an interesting open direction for future work.

A. Main Results

In this paper, we employ a fluid model to study the perfor-
mance of various file distribution schemes. We begin by first
modeling demand, or inferest, in the file using a word-of-mouth
propagation model drawn from the seminal work of Bass [2].
In the Bass model, 1(0) users of a total population N are ini-
tially interested in the file. Uninterested users become interested
through random “contact” with an interested user. Thus, interest
initially grows approximately exponentially in time, and then ta-
pers off once a level ©(N) of interest is reached. The paradigm
is very good for modeling the dynamics of interest evolution of
popular goods and services. We describe the Bass model in de-
tail in Section II.

We use the Bass diffusion model of demand together with
different file delivery service models to estimate the amount of
resources required to attain a certain average delay target. To
begin, we assume that there are no departures of interested users
and subsume the cost of their waiting into the delay, i.e., an infi-
nite wait implies an infinite delay. As described above, we focus
on a model of file distribution (rather than real-time streaming).

In Section III, we begin with the case of a single file with a
potential interested population of N users. We study three types
of distribution:

e Centralized Distribution (CD): Here, the content distrib-
utor invests in resources (servers and transit bandwidth)
such that the maximum rate at which the file can be served
is C users per unit time. We show that the average delay
experienced by users in this regime is O(N/C).

e Peer-to-Peer Distribution (P2P): Here, the content distrib-
utor does not invest in significant central resources, but
uses a P2P system to distribute the file. We show that
the average delay experienced by users in this regime is
O(In(N)).

e Hybrid CD-P2P Distribution: Here, the content distributor
uses the available capacity C' until the demand exceeds C,
and at this point, switches to P2P (and does not use the
central server any longer). The average delay experienced
by users in this regime is O(In(N/C)).

We observe that the hybrid regime requires a capacity of C' =
N/In N to attain an average delay of InIn N, which is essen-
tially constant. Thus, the hybrid scheme offers aln N reduction
in capacity required over centralized distribution for an essen-
tially constant per-user average delay. The section concludes
with some stochastic simulations that show that the fluid model

TABLE 1
COMPARISON OF PER-USER AVERAGE DELAY
Capacity CD Delay | P2P Delay | Hybrid Delay
C O (N/C) O(In N) O (In (N/C))
C=N/InN | ©(InN) O(In N) O(lnln N)

closely approximates the underlying discrete stochastic system.
We summarize the findings in Table I.

In Section IV, we assume instead that a content provider must
use common resources to serve multiple files simultaneously.
We assume that files arrive at rate A according to a Poisson
process. The number of users interested in each file is ©O(NV),
i.e., all of them have a large potential user base.

In this setting, our observations are built closely on the
single file analysis. We first note that the minimum required
capacity for overall stability in the centralized distribution
scheme is AN, and the per-user average delay in the P2P
scheme is still ©(In V). However, since the installed capacity
is used only for a short time in the hybrid distribution scheme,
it may be amortized over different files. We show that if a
per-user average delay target of dy is desired over all files,
and limpy_, oo VNdye™ % = oo, then an installed capacity of
Cn ~ ANe~?~ meets the delay target. For an almost constant
target delay dy = Inln N, the required capacity would be
AN/In N. The result indicates that a tiny sacrifice in per-user
delay (Inln N, rather than constant) reduces the required ca-
pacity in an order sense. In particular, this matches the insight
obtained in our single file analysis. As we note in the Appendix,
such an analysis can be used to study streaming dissemination
of stored content as well.

In Section V, we extend the analytical model of hybrid file
distribution to include peer departures and more efficient P2P
methods. We study these extensions by numerical experiments.
We first validate the scaling results for the analytical studies, and
then show that the system can support departure rates of served
users near 40% per unit time, without significant performance
losses. We suggest that these losses can be mitigated by a dual
hybrid scheme in which the CD scheme is used for a short time
again after the P2P distribution phase. We conclude the section
with an investigation of the effects of improving the efficiency
of P2P dissemination; we find this does not alter the qualitative
insights of our results. We conclude in Section VL.

B. Related Work

There has been considerable research into understanding the
impact of P2P technologies on content distribution, with models
for the capacity of P2P systems [3]-[7]. In all these models, the
arrival rate of demand is either constant or all arrivals are as-
sumed to occur instantaneously. This is in contrast to our work,
where we assume a word-of-mouth evolution for interest in con-
tent.

Prior work also does not typically consider the question of
delays leading to dissatisfied users in a scaling regime as we
have done. In [8], an exponentially decaying arrival process is
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considered in order to model a flash crowd, and client—server
and P2P methods are compared. They find that the P2P method
performs better, but is more unreliable with respect to corrupted
files. On the other hand, the authors of [9] define a flash crowd
to be a sudden spike in arrival rate. They show that under these
circumstances, P2P would perform well in multihop wireless
networks.

It has been increasingly clear that P2P systems suffer perfor-
mance issues during the initial stage of file distribution and some
help might be necessary. Contemporaneously with the initial
presentation of the work presented here in [10], there have been
several recent ideas of server-assisted P2P content distribution
networks [6], [11]-[13] in which a central server is used to boost
the performance of P2P systems to improve delay performance.
In [6], the system is considered with some additional helpers
during the startup phase, which improves performance. How-
ever, they do not analytically quantify the gains. Hybrid central-
ized-P2P schemes are considered in [11]-[13]. However, their
focus is on streaming using a P2P multicast structure, which is
very different from our focus on file distribution.

II. THE BASS DIFFUSION MODEL

Traditional models of demand growth in new innovations date
back to the seminal work of Griliches [14] and Bass [2]. Ac-
cording to the widely employed Bass model, the demand for a
new product evolves as a function of both direct communica-
tion by the manufacturer and by word-of-mouth spreading by
interested persons. The resulting evolution of interest shows a
characteristic logistic shape. The model has been verified in sev-
eral different case studies and is used to model the growth of
interest over time in a diverse range of products such as mi-
crowave ovens, fax machines, and music. Indeed, the model is
the de facto standard for understanding the adoption of innova-
tions [15].

We observe similar behavior in user interest in popular videos
on CoralCDN [16], a content distribution network hosted on
university infrastructure. A typical example is presented in
Fig. 1(a), which shows the cumulative demand for one partic-
ular video of the Asian Tsunami seen over a month in December
2005, the one-year anniversary of the disaster. Its popularity
follows the pattern that would be seen in a typical viral model,
a logistic curve. Similar behavior has been observed in user
interest in videos on YouTube [17] (although those observations
are somewhat coarse as they are taken only once a day).

In our setting, we consider the following three key quantities
for a fixed piece of content:

* N(t), the total population of users at time ¢;

 I(t), the number of users interested in the content at time

t;

* P(t), the number of users that possess the content at time ¢.

Quite often, the major driver in the adoption of a product
is word-of-mouth interest propagation, which is modeled for a
fixed population N using the following differential equation:

d(t) _ (N - I<t>) 1(t). M

dt N
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Fig. 1. (a) Single-file cumulative demand for a file over one month (December

2005-January 2006). The demand looks much like (b) the cumulative demand
seen in a Bass diffusion of interest with world-of-mouth spreading

The preceding equation can be considered a “fluid limit” of a
system where each interested member of the system attempts to
cause a randomly selected member to become interested. The
number of users that could potentially be interested is N — I(t).
Thus, the probability of finding such a user is (N — I(t))/N,
and the fluid model follows. We assume that an interested user
can interest other users at rate 1 per unit time without loss of
generality. The above equation is easily solved and yields the
so-called logistic function as its solution

B 1(0)e?
~ 1= (I(0)/N) (1 —et)’

I(t) @
The logistic function is illustrated in Fig. 1(a) and has a charac-
teristic S-shape. (Such behavior is also seen in many different
epidemic contexts [18].)

Note that in the model described in the previous paragraph,
we implicitly assume that every user can randomly contact any
other user. In fact, interested users are only likely to contact
others to whom they are connected in a social network. Of
course, this graph of users is not very likely to be complete. We
can thus consider a modified version of the Bass model where
users only contact others to whom they are connected in a given
graph structure. As we show in Appendix A, in the case of a
d-regular random graph, such a model still leads to the basic
model described in (1), but with a different constant gain. More
generally, for graphs with arbitrary degree distributions, we
find that the logistic form described above is an upper bound
on interest evolution with time.
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It is instructive to study the arrival rate of interested users for
logistic demand as a function of time. The time derivative of (2)
is

NI(0)et (N — I(0))
(N = I(0) + I(0)et)*

3)

It is clear from (3) that for ¢ < In N, the arrival rate is expo-
nentially increasing. For ¢ = In IV, we have from (2) that the
number of interested users is approximately N, and for ¢ >
In N, from (3) the arrival rate is exponentially decreasing. Thus,
all crowds have two phases—one where the arrival rate is expo-
nentially increasing and one where the arrival rate is exponen-
tially decreasing.

Given a fixed number of servers, the Bass diffusion model
suggests that as the number of interested users increases, the
delay in service perceived by users should first increase, and
then gradually decrease. Informally, the servers would be over-
whelmed for a period of time before being able to cope with the
“crowd”—a characteristic of the so called “flash crowd” effect.
It is important to note that even if we reduce the time-scale of
events by a constant factor (so that interest grows more steeply),
the order of magnitude of the delays (relative to V) would be
unchanged. Exact performance will depend on the exogenous
constants parametrizing the system, such as installed server ca-
pacity.

III. AVERAGE DELAY FOR DIFFERENT DISTRIBUTION
METHODS

The total delay experienced by all users for any work con-
serving service regime is the area between the cumulative de-
mand and service curves [19]. In this section, we will obtain an-
alytical expressions that quantify this area for three different dis-
tribution methods: 1) Centralized Distribution (CD); 2) Peer-to-
Peer (P2P) Distribution; and 3) Hybrid CD-P2P Distribution, in
which the CD servers are used for a short time initially to boost
the performance of P2P distribution.

Our focus in this section is on the dynamics of interest arousal
and satisfaction of exactly one file, e.g., a piece of software. We
do not consider departure of users in this section, as departure of
an unsatisfied user entails an opportunity cost that has to be con-
sidered separately; user departures are considered in Section V.
Here, we subsume the opportunity cost into the user delay since
the longer one waits, the larger the area between the interest and
service curves.

Our main insight at the end of this section will be that sacri-
ficing delay performance by a small amount buys us a significant
decrease in the required server capacity if a hybrid of CD and
P2P is used. For example, we will see that if we are willing to
allow the average per-user delay to scale with NV as InIn IV, i.e,
almost constant for any reasonable /V, using a hybrid approach
could achieve a decrease in required capacity of the CD by a
factor of In N. Also, this capacity is used only for a short time
(when interest in the file first builds). In other words, small sac-
rifices in the average delay desired have a very large impact on
the capacity required to meet the target delay if we employ a
hybrid distribution scheme.

In the next three subsections, we explicitly find the total delay
experienced by all users under the CD, P2P, and hybrid schemes.

Cumulative

interest 1
‘L Cumulative

service

Y

Time

Fig.2. The total delay using centralized distribution is the area between cumu-
lative interest and service.

Since we analyze each of these models using the same interest
curve (2), we begin by first finding the area under this curve,
which is easily determined by integration of (2) as

t

/ 1(0)et
102 [ = [ O)/N) (1= ey

° (i 10

——(1-¢"). 4

Fa-a). @
Our analysis proceeds by calculating the area under the service
curve for each of the three schemes we consider and subtracting
the area under the interest curve.

A. Centralized File Distribution

We begin in this subsection by finding the average user delay
when centralized distribution is used. In the centralized model,
the content distributor purchases a certain amount of transit
bandwidth C' and sets up a central server-bank. Interested users
have to download the file from the server-bank, and service rate
is limited by the bandwidth C. We assume an access-core net-
work topology, wherein users are only limited by their access
bandwidth and the core network is uncongested. Furthermore,
we assume that users only have an upload constraint. We make
the following reasonable assumptions.

Assumption 1: We assume that P(0) = I(0) € O(1) for
simplicity. We also assume that C' = C(N), i.e., C scales with
N; for example, if C' = kln N, we say that ©(C) = O(lu N).
We assume that there exists a constant k£ such that k < C(N) <
N for all N.

Under the assumption, the service curve follows I(¢) until
some time ¢; when dI(t)/dt > C, after which the service oc-
curs at a constant rate. At time ¢5 > ¢; the curves meet again.
Fig. 2 illustrates the centralized distribution model, with the area
between the curves (which is the total delay) being shaded. The
following proposition characterizes three “phases” of the ser-
vice curve.

Proposition 1: Under Assumption 1 with C' € o(N), there
exist times ¢; € O(In(C/I(0))) and 2 such that N/2C + t; —
P(t1)/C <ty < N/C +t; — P(t1)/C that divide the service
curve P(t) into three phases as follows.

1) Phase 1: For t < t;, we have P(t) = I(t) and P(t;) =

I(t)) = (N/2)(1 — \/1 — 4C/N).
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2) Phase 2: For t; <t < to, we have linear growth at rate C,
ie,P(t)=C x (t—t1)+ P(t1).
3) Phase 3: For t > t5, we again have P(t) = I(t).
Proof: By definition, ¢ is the first time at which the slope
of the interest curve is equal to C'. Thus, we have

di@)| NI (N-1(0) _ )
dt |my, (N —I(0)+ I(0)et)®
For t = In(C/I(0)), since C' € o(N), we have
dI(t) _ NC (N — I(0)) o
dt |y N2(1-1(0)/N +C/N)* 7
as N — oo.

Also, rearranging (5), we have

I(ty) (N = I(t1)) _
N =C

S 1(t) = P(t) = 2= ”N; —ANe

which completes the first part of the proof.

For the second part, consider 2 In((N — 1(0))/1(0)). It
is clear that: 1)dI(t)/dt|; = N/4; and 2) I() = N/2. By
assumption, since C' € o( V), the above observations imply that:
1)ty > #;and 2) I(t2) > N/2. Since by definition, P(t;) =
1(t2), this in turn yields N/2C +t1 — P(t1)/C <ty < N/C+
t1 — P(tl)/C' |

We can now determine the average per-user delay by consid-
ering the area between interest and service curves. Informally,
if all V users were to become interested instantaneously at time
0, then the time taken to serve all N users using a server with
capacity C would be N/C, thus the average delay per user is
O(N/C). Of course, this analysis is very coarse, but we show
below that this intuition is correct in the order sense.

Theorem 2: In a system with Bass diffusion of interest
without departures and centralized distribution with a capacity
C, the average delay per user is O(N/C).

Proof: From (4), the area under the interest curve in the
interval [0, ¢2] is I4(t2). Call this area A;. Similarly, define

Ay 27 A(t1). Now, we can find the area under the service curve
in the interval [¢1, 5] by integration of P(¢) in Phase 2. This
yields

A Cx (t3—t})

A3 2 5 — (Cty — P(t)) (2 — 1)

Then, since P(t) = I(¢) in [0, ¢1] and [¢2, N], the area between
the curves is A 2 A1 — Ay — Aj, and hence the area between
the interest and service curves is

B N —I(0) + I(0)e'? C x (13 —t3)
A=Nlu (N—I(0)+I(o)et1> N 2
+ (Ct1 — P(t1)) (t2 — 1) (6)
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which we can rewrite as

N2

A=—"
C

N —1(0)+ I(0)e\ /Y 2,
(hl <N —1(0) + I(O)et1> oz (1)

Substituting ¢y, t2, and P(¢1) from Proposition 1 and dividing
by N2/C gives

lim —g = constant. @)
Dividing the above result by /N (the number of users served)
yields the proof. ]

Not surprisingly, the per-user delay is completely determined
by the service capacity C' that the content distributor is able to
purchase.

B. Peer-to-Peer File Distribution

We now consider a fluid model of a P2P system for file distri-
bution. We first obtain an analytical expression for the cumula-
tive number of served users as a function of time. We consider
the following differential equation describing the evolution of
served users:

dP(t) P(t) ) | )

T2 =t - Py (T

The term on the right describes the rate at which the I(t) — P(¢)
interested users who do not possess the file obtain pieces (or the
whole file) from the P(t) users who possess it, with 7 being a
constant that depends on upload capacity of users as well as effi-
ciency of dissemination [4]. Our equation reflects the following
model. Suppose each interested user who does not possess the
file randomly contacts another user. If that user possesses the
file, then the file is exchanged with efficiency coefficient 7. We
assume that peers do not depart from the system, although we
relax this assumption in Section V.

Clearly, our model is an inefficient P2P scheme since the
peer selection is random. However, this means that our analysis
gives a bound on the worst-case performance of P2P. Using this
model for the P2P part of the hybrid scheme that we will dis-
cuss in the next subsection implies that a real hybrid system can
only give better delay performance. Even with such a conserva-
tive model of P2P performance, we can show analytically that
significant gains are possible by using a hybrid system. We pro-
vide some insights into the effect of using a more efficient P2P
scheme in Section V, where users search for content only among
other interested users. Our qualitative insights are robust to this
change.

We make the following technical assumptions.

Assumption 2: We assume that P(0) can be any function of
N such that P(0) € o(N). We also assume that ) € O(1). The
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assumption that 7 € ©(1) is consistent with an assumption that
every peer has finite upload capacity.

We solve (8) jointly with the evolution of interest given in (2)
to obtain the following proposition.

Proposition 3: The cumulative number of users that possess
the file in the P2P model is given by

P(t) =N (N - I(0) + I(0)e")”

- (n((N —1(0))"¢

+ 3 (1) -0 “L) + Q)

where

- N77+1 _ n _ n—i 1(0)1
Q=P % (1) @ = royy+ 28

and (7) is defined in the usual sense forn € R and i € N.
Proof: The cumulative number of users that possess the file
is given by (8)

which is a second-order Bernoulli differential equation. Substi-
tuting V' (¢) = 1/P(t), we obtain

dv(t)  nl(t) o
TR AU

The above equation has a closed-form solution given by

n[J(@t)/Ndt+Q

70 ©)

V(t) =

where () is a constant and

~
—~
~
~
| |

ex
( (10)
Here, we have used the expression for I(¢) from (2). Now,
in order to obtain the closed-form solution, we also require

Cumulative \
interest
*L Cumulative
\ service

|

Time

Fig. 3. The total delay using P2P delivery is the area between cumulative in-
terest and service.

J — t)dt, so we proceed to integrate the above expres-
sion. We have

/J(t)dt = / (N —1(0) + I(0)e")" dt

/Z (7)1 Yiet (N — I(0))"~" dt
~1(0))" -
+ Z <L> (N — 1(0))"™" %

i#0

Substituting into (9) yields the result. ]

We assume that the system is work-conserving given avail-
able capacity at any time. Under this assumption, in order to
find the total delay in using P2P file distribution, we need to find
the area between the interest and service curves. An example is
shown in Fig. 3.

We can develop an informal characterization of the area be-
tween the curves in the following manner. Assume that all NV
users become interested instantaneously at time 0. Then, since
the Bass diffusion is roughly exponential in the early stages,
we expect that a P2P service discipline would require approxi-
mately In(N/P(0)) time to satisfy this interest, by which time
©(N) individuals would have been served. Thus, we expect the
total delay to be ©(N Ilu(N/P(0)), and the per-user average
delay to be ©(In(N/P(0))). Again, this analysis is quite coarse.
However, the following theorem formally justifies our intuition.

Theorem 4: In a system with Bass diffusion of interest
and a P2P service discipline, the average per-user delay is
O(Iu(N/P(0))).

Proof: We ﬁrst need to find the area under the service
curve, which is fo t)dt. This can be obtained by straightfor-
ward integration to yleld

)" t+Y <7Z>

i#£0

o)yt L (0).%”> + Q)

x (N — ;
- (355

(1)
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We now find the total area between the curves by substituting
t = N in (4) and (11) and taking the difference. The difference
of the two areas can be written as

Nln <% (Ne™™ = 1(0)e™™ + 1 (0))>

— Nln (e_N <77P(0)e—ﬂN (N = 1(0))" + ﬂP(O)e_"N

N N N
) igiN
5 (oo
i#0
—n 1/7]
+w) )

which, for large N, converges to

o ()

Dividing by the number of users served, N, yields the proof.

The theorem essentially reveals that the performance of the
P2P system can only be improved by increasing the number of
initial hosts who possess the file P(0). It also demonstrates that
the delay per user is insensitive to the initial number of inter-
ested hosts 7(0). There is a simple intuition for this observation:
Regardless of the value of I(0), in a pure P2P system, roughly
In N/P(0) time units are required to ensure a large number of
interested hosts also possess the file and are thus available to
service all the remaining demand.

12)

C. Hybrid File Distribution

We showed above how the average per-user delay in the
P2P case depends strongly on the initial number of hosts with
the file P(0). If we first use a centralized distribution scheme,
and then switch to P2P dissemination at a later time, the initial
number of hosts P(0) can be boosted to significantly improve
performance. In this section, we consider precisely such a
hybrid scheme.

We use a centralized distribution scheme with capacity C
until the time £; in Proposition 1, the time at which demand
outstrips C'; we switch to P2P at this point. Note that, in prin-
ciple, we could envision a scheme where the server is always
available to “boost” the P2P system. As we show via simulation
in Section III-E, such a modification to the scheme does not sig-
nificantly change our predictions.

We illustrate a typical case of the hybrid scheme in Fig. 4. It
is straightforward to characterize the delay performance of the
above scheme. Using the framework developed above, we have
the following result.

Theorem 5: In a system with Bass diffusion of interest and a
hybrid service discipline that switches from CD with capacity
C to P2P when dI(t)/dt > C, the average per-user delay is
O(In(N/C)).

Proof: Since the switch happens exactly when dI(¢t)/dt >
C, there is no delay in the CD phase. Call the time at which
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Fig. 4. The total delay in the hybrid CD-P2P scheme. CD is used in the initial
phase to boost the performance of the P2P phase.

we switch as ¢1. To evaluate the total delay, we first have from
Theorem 4 that for large N the area between the curves is

N N
A~ —In| ——— | .
n (Wp(t1)>

Substituting the value of P(¢1) from Proposition 1, we obtain

A= E In ( N )
7 n(N/2)(1 - /1 — 4C/N)

= E In ( 2 )

n n(l—+/1-4C/N) )"

Now, since C' € o(N), 4C/N < 1 for N large enough. Thus

Azﬁln< 2 )
n n(l—1+2C/N 4+ 2C%/N?2 +...)
<Eln(ﬁ>
T nC

and we divide by N to obtain the result. ]

The intuition behind this result is as follows. Since there is
no delay in the CD phase (we switch before delays can occur),
delays only occur in the P2P phase. The P2P phase starts with
an initial condition of P(t;) ~ C users who possess the file,
and the result follows from (12).

D. Example

We illustrate our results by means of an example. Suppose
a server capacity of C' = N/In N is provisioned. What is the
per-user average delay performance of the three schemes? From
Theorem 2, the per-user delay in the CD case is © (In(N)). From
Theorem 4, the per-user delay in the P2P case is ©(In(/N)) (in-
dependent of C'). Finally, from Theorem 5, the per-user delay in
the hybrid case is O(InIn N), i.e., it is practically constant.

E. Simulations

We simulate our example as a stochastic system using Matlab.
The purpose of simulation is twofold. First, we would like to
confirm that the results we derived capture the correct order
sense scalings in the system. Second, we would like to confirm
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that the fluid approximation that we use does not impact the va-
lidity of our results. In the simulations, we assume that time is
discrete, and there are N = 100000 users. At each time slot,
each interested user chooses a Poisson distributed number of
other users (with mean 1) to spread interest. We compare four
possible service regimes.

First, we consider centralized distribution using a FIFO
policy with a service rate of C' = 8000 =~ N/In N. Our pre-
dicted value of average user delay from (6) is about 2.5 units,
and the simulation yields a value of 2.2 units. Evolution of
demand and service are shown in Fig. 5(a). In the plot, the left
curve is the cumulative interest, while the right curve is the
cumulative supply.

Second, we consider the P2P system with efficiency n = 2.
The P2P dynamic is the similar to the diffusion of interest. Each
interested user without the file chooses a Poisson number of
other users (with mean 2) from whom to obtain the file, and if
at least one of the contacted users has it, the file is downloaded.
From (12), the average user delay should be about 6 units, and
our simulation yields a value of 8.5 units. Evolution is seen in
Fig. 5(b).

Third, we consider the hybrid scheme, which we simulate by
causing the system to switch from CD to P2P when the queue
size at the serveris P(¢1) given in Proposition 1 (= 8700 users).
From (12) the expected user delay should be about 1.2 units, and
our simulation yields a value of 1.15 units. The state evolution
can be seen in Fig. 5(c). We note that, as expected, the stochastic
system matches our fluid model quite well. This lends further
credence to our analysis.

Fourth, we simulate the system in which both the server and
P2P are used simultaneously. In this simulation, users attempt
to obtain the file using P2P. If they are unsuccessful, they may
contact the server. The server serves the first 8700 users that
contact it if capacity is available (as in the previous case), after
which it serves only users who have experienced a delay greater
than 2 units. This is in keeping with the idea of attempting to use
the P2P system if at all possible and using the server to “boost”
if needed. The average delay per user in this case is about 0.8
units, which is similar to the hybrid system with explicit server
and P2P phases. Fig. 5(d) illustrates this case. We observe that
in the initial phase, almost all service is due to the server, i.e.,
P2P has small effect here. In the latter part, server usage is quite
small, i.e., P2P has sufficient capacity here.

We simulated the system with other values of population size
and capacity and summarize all results in Table II. The perfor-
mance of the hybrid system is superior to the other two for dif-
ferent scalings of population size and capacity.

IV. A DYNAMIC MODEL: SERVING MULTIPLE FILES

The results of the previous section applied to the case of dis-
semination of a single file. However, in reality, files arrive at
random time instants as they are generated, and interest in each
file evolves from that point on. Thus, each such file will have
a different interested user population associated with it. In this
section, we study the performance of a system with files arriving
over time and with common resources employed to serve the
content. Hence, we now consider the system with a Poisson ar-
rival rate of A files per unit time. We ignore files that are un-
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Fig.5. (a)Centralized distribution and (b) P2P distribution. The hybrid scheme
(c) switches between them, while (d) uses both simultaneously.

popular (population < N), and assume instead for simplicity
that all files have the same population of interested users up to
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TABLE II
COMPARISON OF PER-USER AVERAGE DELAY

Population | Capacity | CD Delay | P2P Delay |Hybrid Delay
1000 100 1.16 6.0 0.98
10000 1000 1.2 7.6 0.9

100000 4000 2.2 8.5 1.15

Time

Fig. 6. The cumulative demand (solid line) and supply (dashed) curves for mul-
tiple files being served using the hybrid scheme. The centralized distribution
method is used to serve m y users for each file. Delays are now experienced in
both CD and P2P phases.

a constant factor. Since the constant makes no difference to the
order results, we take the user base of all files as N.

We investigate the following question: Given that for each file
we choose to serve my customers using the centralized method
and then switch to P2P, what is the minimum transit capacity
C\ required in order to ensure an average delay dy per user?
(In answering the question, we will make some observations on
the pure CD and P2P cases as well.) We have changed the no-
tation slightly from the previous section to indicate the depen-
dence of capacity on N explicitly. Also, note that we are al-
lowing per-user delay to scale with NV, i.e., we are allowing non-
constant user delays. Our results complement those obtained in
the single file analysis of Section III. In particular, we find that
if we wish to provision for a per-user average delay per file of
dy = O(Inln N), then capacity Cy = AN/In N suffices to
meet the delay target.

Fig. 6 illustrates the scenario we consider. Files arrive at some
time, and each file is associated with a Bass diffusion of interest.
Each file is distributed using the hybrid scheme. There are three
delay terms that must be considered for each file:

1) the delay incurred in serving my users in the CD phase;

2) the delay incurred by users who arrive after the m th
user, but have to wait until the P2P phase begins;

3) the delay incurred by the NV — my users who are served
using the P2P method.

In the next three subsections, we analytically characterize the
delay incurred in each of these phases. The total delay incurred
in each of these phases is the relevant shaded area between the
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interest and service curves in Fig. 6. We note that we could po-
tentially reduce the delay 2) by simultaneously using the cen-
tralized and P2P methods. However, we will see that the other
two delays dominate, and this would not change our results.

A. Delay Incurred in the P2P Phase

The average delay incurred in the P2P phase for any user
can be estimated using the framework that we have developed
in the previous sections. Recall that our target is to achieve a
per-user average delay of d . By Little’s Law, since the average
arrival rate of files into the system is A, the average number
of files in the system should be Ady. We need to ensure that
there is sufficient capacity in the P2P system to serve these files.
Let the per-user capacity be denoted by £ . In the single-file
case, we had £y € O(1). In the current setting, we continue
to assume that each peer would utilize only ©(1) capacity for
each file. Suppose that we provision the server such that my
users are served before the beginning of the P2P phase; then,
the following result follows from Theorem 4.

Proposition 6: Consider using the hybrid dissemination
method, where for each file my € o(N) users are served
during the CD phase. Assume that the capacity of each user
in the system is {y € Q(AIn(N/my)), but that each peer
only utilizes ©(1) capacity for each file. Then, the average
delay incurred by each user served during the P2P phase is
O(In(N/my). In other words, the number of users that must
be served in the CD phase to achieve an average delay d per
user in the P2P phase is my € Q(Ne™ ).

The above proposition yields two main conclusions. First,
sufficient capacity will be present in the P2P phase if the per-
user capacity scales as Q(AIn(N/my)). If the desired delay is
O(lnln N), then my is N/In N, and a sufficient per-user ca-
pacity is (A In In V), which is practically constant. Second, the
above proposition gives an estimate of the number of users my
to be served in the CD phase in order to meet a per-user average
delay target of d in the P2P phasel. We subsume the propor-
tionality constant in my € Q(Ne~%V) into dy and say that we
require my = Ne 4N, We assume that dy > 1. Indeed, to
realize this value of delay, we would need ©(N) capacity. We
need to provision sufficient capacity Cy so as to serve these m
users (for each file) with a per-user delay that does not exceed
dn . We determine such a choice of C'y in the next subsection.

B. Delay Incurred in the CD Phase

We first find the smallest necessary value of Cy such that the
number of files in the system does not grow unboundedly large.
We assume that the client—server system serves users in the
order that they arrive (first-come, first-served). Let n(t) be the
number of files being served in the client—server phase at time
t, z(t) be the rate at which all these files are being served, and
T be the service time per file after which the system switches to
P2P distribution. A simple fluid approximation then suggests

i(t) = A — D)

INote that from Theorem 4, pure P2P distribution yields a per-user delay of
O(In N) as before.
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Taking C'y = Amy, we have

Thus
A(t) = A — min (?A) :
Hence:

o if A > n(t)/T (.e., n(t) < AT), then n(t) > 0.

o if A < n(t)/T, then n(t) = 0.

If the system starts at an initial condition n(0) < AT, then
the system will converge to the steady-state value. Hence, for
Cn > Amy, the number of files in the system does not grow
unbounded. (Note that using the same argument, if pure CD
were used, the minimum required capacity for stability is AN.)

Although the number of files is bounded with this choice of
capacity, such a choice does not ensure that we meet a per-user
delay target since the total arrival rate of users could exceed the
installed capacity at some time instants. From Proposition 6, we
know that we have to serve my = Ne % users in the CD
phase in order to achieve the delay target dy in the P2P phase.
We first study the case where we let Cy — Amy (i.e., heavy
traffic) and characterize the per-user delay in this case to see how
it compares to d . If it is smaller than d, then Cny =~ Amy is
sufficient to meet our per-user delay target per file. Otherwise,
we have to provision C'y > Amy in order to meet the delay
target.

Proposition 7: Suppose that the distribution of multiple files
is undertaken using the hybrid CD-P2P scheme. Let the poten-
tially interested population for each file be /V, and assume that
interest in each file evolves according to the Bass model. Let
files arrive according to a Poisson process at rate A, which is
constant independent of V.

Suppose the required delay target is a per-user delay of dy >
1, and we serve my = Ne~ %~ interested users per file using
an installed transit capacity Cy, where Cnx,my € o(N). In
a heavy traffic regime with Amy/Cn = 1 — 1/\/N, we have
that for large IV, the per-user delay D in the CD phase of any
file satisfies

2ANVNdye
P(D > dy) < exp <— ANVNdye )

(VN - 1)
Thus, if the target average delay dy is such that
limy— oo VNdye 9% = oo, then choosing Cn ~ Amy

yields a per-user delay in the CD phase of dy with high
probability.

Proof: We first approximate the arrival rate of users in the
Bass model for the CD phase by Poisson arrivals of files, each
with m users. Such an arrival process takes the form of an
M/D/1 process. Furthermore, we assume that service for any
file begins only after these my users have requested it. Thus,
we first have a delay associated with waiting for my users to
arrive, followed by a delay in serving these users. This yields an
upper bound on the delay.

Step 1: We first show that under our assumptions, the error in
calculating the per-user average service delay due to the M/D/1
approximation is ©(1). Solving the differential (1) for ¢, and
using I(t) = my = Ne~~, we obtain

N N(1—edv)
t=In|{—= ) —-dv—-ln| ———+~7 .
“<I<o>> Y ( N —1(0) )
The per-user average delay experienced by users up till this time
can be obtained from (4) as

10 (%)

i 1—
. N + 1 —edn

13)

Now, for dy > 1 and limy_ o VNdye % = 0o, we have
—dn dNe_dN < 1
L—e v 7 /N1 —e 1)

The result now follows from (13) and (14).

Step 2: We study the heavy traffic regime for the M/D/1
process in a manner similar to [20]. Assume that time is dis-
crete and indexed by k. Let a(k) be the number of users who
arrive at time k. The total arrivals up to time k — 1 is

e
1—edv —

(14)

k-1

A(k) 2" ali).

=0

It can be shown that the queue length at time &

k) = V() ~ iy, V()
where V (k) 2 A(k) — kCn. Then
q(INt]) _ V(INt])
VN VN s=1/N2/N,.,INt]/N /N

Assume that X () 2 limyooo q(|Nt])/V/N exists. Also, it
can be shown that

L VALNED
VN

N—o0
Furthermore, W (t) is a Brownian motion. Hence

V(INs])

= W(f) ~ N(—ON7 /\mN)

X(t) = W(t)— inf W(s)

0<s<t

and we can show that

2£ECN
lim P (X (¢ = — .
Jim P (X(0) > ) exp (50 )

Thus, for large N

tlinolo[F"(q(LNtJ)>B): lim P(M > B >

t—o0 \/N \/—N
2BCy >

P (_ \/N)\mN
2B
=P (TN

where the last equality arises from the heavy traffic relation
Amy/Cny = 1 — 1/\/N Finally, using the relations dy =
B/Cy and my = Ne ¥, we have the proof. [ ]

X
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In the case where limy_oo VNdye ™ < oo, the delay
target is growing large as N grows. While this is a relatively
less interesting regime, for completeness we analyze this setting
using a general result from [21] for M/D/1 systems.

Proposition 8: Let p = Amy /Cy. Then, for dy — o0

P(D > dy) ~ ae” 7

where +y is the real solution of

p(A =) + 7 — el /Cn) 1

(ma /CN)(A = 7) (A = 7eQ=00mn/ON)) =

and

__ (A=pQ=9)
201 —p) —p(2—p)

Note that for dy — oo, we automatically have from (13) that the
M/D/1 approximation error in per-user average delay is ©(1).
We define Cy as the value of C)y that satisfies Proposition 8
with limy_,o P(D > d) = 0. The proposition says that if the
desired delay d is large, we must choose Cy > Am in order
to satisfy the delay constraint. Note that my = Ne~ ¥, so if
dy, and dg are large and small target delays, respectively, with
dr, > dg, and Cp and Cy are the capacities required to attain
these delay targets, then ANe~ s ~ Cs < ANe~% < Cf.

C. Delay Incurred Between CD and P2P

As mentioned above, users who arrive after the m4? user but
before he has been served, all have to wait until he has been
served in order to proceed to the P2P phase. The total amount of
time spent in this phase is indicated by the cross-hatched region
in Fig. 6. This wait is artificial in the sense that one would not
use such a binary service rule in a practical system.

However, we can easily show that this waiting time is small
on average by the following argument. Since we know that the
mth interested user waits at most for time dy with high prob-
ability, the time spent by the system (for each file) in the phase
between CD and P2P is at most d as well. The arrival rate of
users during this interval is at most m ye’, which means that the
cumulative number of users varies as m ye!. When integrated
between time O to d v, this yields a total delay of m ey —mpy,
which is the area of the cross-hatched region in Fig. 6. How-
ever, the number of users who arrive in this interval is m ye®~,
and thus the delay incurred per user is ©(1). Thus, the tech-
nical artifice of splitting the file dissemination into two distinct
phases—CD and P2P—does not significantly affect the average
delay.

D. Provisioning for an Average Delay Target

We may combine Propositions 68, along with the observa-
tion of the preceding subsection, to yield the following theorem.

Theorem 9: For large N, the installed capacity C'y required
to satisfy an average per-user delay target dy while using the
hybrid CD-P2P scheme is

ANe—dn
Cny=1 72 ’
N { CN7

iflimy_ oo V NdNe_dN = 00
otherwise.
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The theorem determines the provisioning required for a fixed
per-user average delay target, given an exogenously specified
arrival rate of files.

We illustrate the main insights of this section using a simple
example. Suppose that we would like to serve a file arrival
rate of )\ files per unit time, with a per-user average delay
dn per file of O(lnln N). From Proposition 6, each user
needs to contribute capacity {y € Q(Alnln N). Also, since
limy oo VN In(In(N))e 02(N) = o0, Theorem 9 implies
that Cy = AN/In N is a sufficient transit capacity required to
attain the average delay target.

V. SIMULATIONS: PEER DEPARTURES AND P2P EFFICIENCY

Our scaling results provided an analytical characterization of
the amount by which a hybrid system can outperform either P2P
or CD dissemination alone. In this sections, we employ simula-
tions to investigate two modifications to our basic model: first,
the inclusion of peer departures; and second, the effects of a
more efficient P2P system design.

We start by considering the effects of peer departures. Our
objective is to show that the impact on average delay and server
utilization is limited and relatively straightforward to account
for. In our experiments, we consider a single file, and a total
population of N = 10000 users. The capacity that we provi-
sionis C' = N/In N = 1085 users per unit time. Also, as in
Section III-E, we allow both the server and P2P to be used si-
multaneously, with the server being used to boost in the latter
part if the delay is over 2 units.

We may obtain an idea of the dynamics by studying the modi-
fications to the differential equations describing the P2P system
to account for departures. We assume that some fraction /N
of users who possess the file depart per unit time. Thus, we have
a new variable R(¢), which is the cumulative number of users
who possess the file but have departed. P(¢) now refers to users
who possess the file and are still in the system. We replace the
expression (8) with the following:

dP(t)  I(t) — R(t) — P(t) dR(t)

i " N-rm  TW-—g 1D
dR(t)  aP(t)
& TN (16)

Notice that in the modified system, peers search for content only
among users currently in the system, which translates into the
term N — R(t) in the denominator of the expression above. (In
the second part of this section, we consider a more efficient P2P
search model.)

We simulate the stochastic system using the same method
described in Section III-E (i.e., with demand following a sto-
chastic Bass diffusion, random peer selection, and a fixed ca-
pacity server) with n = 1, and vary « from 0 to 0.9N: i.e., in
the extreme case we allow 90% of the users who possess the file
to leave per unit time. These users are picked randomly from
those who possess the file. Note that since the server is always
present, all users would eventually be served in spite of depar-
tures.

Fig. 7(a) shows the average per-user delay as a function of
a. For a = 0, the average delay is about 0.7 as expected. As a
increases, the average delay rises approximately linearly. As o
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Fig. 7. (a) Average delay as a function of the fraction of departing users. The
delay performance is close to optimal even for o« = 0.3V (b) Server load and
the utilization of the server over time, for different fractions of departing users
(as depicted in the legend). Note that even for 20%—40% departure rates, the
server utilization remains similar to the profile achieved with no departures at
all.

gets close to 1, the system behaves like a pure CD system, with
appropriate delays.

However, the increase in average delay can be somewhat mis-
leading: Even though the fraction of users departing increases,
it may not be the case that a significant additional assistance is
needed from the server. The intuition is that if a large number
of users are departing, then it must mean that a large number of
users have been served as well, in which case P2P dissemina-
tion must have been reasonably efficient (for moderate departure
rates).

Indeed, we can see this effect in the server utilization trajecto-
ries (as a function of time) shown in Fig. 7(b). The initial spike
is the server boost common to all trajectories, and the second
is the extra boost needed to account for departures. Note that
only when the departure rate reaches 40% is the server capacity
beginning to approach saturation. For departure rates below this
point, the server capacity we provisioned based on a model with
no departures is adequate—the system is instead constrained by
performance of the P2P phase in this region.

Our second set of simulations account for the fact that the
P2P system we analyzed is inefficient due to random peer selec-
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Fig. 8. Simulation of a more efficient P2P system. (a) Average delay as a func-
tion of the fraction of departing user. (b) Trajectories of the server load for dif-
ferent departure rates.

tion. Even with such a worst-case model of P2P dissemination,
we have found that significant gains are possible using a hybrid
scheme. However, one way to improve performance and to make
the model more realistic is to limit the peer choice only to inter-
ested users. Thus, when the user connects to the P2P system, he
is given a list of interested users (in the system) that is constantly
updated. He may contact any of these users to try to obtain the
file. The (fluid) dynamics of P2P would now be

dP(t)  I(t) — R(t) — P(¢) dR()

i T I -Rp TW-—g D
dR(t) _aP(t)

i~ N (18)

where the change is that I(¢) — R(t) appears in the denominator
in (17).

As before, we simulate the stochastic system with 7 = 1 and
vary « from O to 0.9N. Thus, users who possess the file leave
randomly with fraction of such leaving users at each time being
a/N. Fig. 8(a) shows the average per-user delay as a function
of a. Although the average delay is less than in the inefficient
P2P system shown in Fig. 7(a), as « increases, the performance
is close to identical.

The server utilization trajectories are shown in Fig. 8(b).
Here, we see that as compared to Fig. 7(b), the server utilization
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in the initial phase is almost identical. This observation implies
that even with higher efficiency, a P2P system alone is not
sufficient; server boosting is essential. The amount of boosting
required as peers depart is less with higher efficiency (as it
should be), but again, as the departure fraction o/ N increases,
the performance is the same.

Our observations suggest that: 1) a small boost from the CD
(server) system is sufficient to account for substantial rates of
peer departures; and 2) server boosting in the initial phase is
essential even with high-efficiency P2P systems. Regarding de-
partures, another possibility is to incentivize users to stay long
enough that the rate of departures is small. Such incentives may
be provided by trading a local currency in exchange for files, as
in the system analyzed in [22].

VI. CONCLUSION

This paper has studied the delay performance of a variety
of mechanisms for distribution of stored content. We modeled
demand for a file as a function of time using the Bass diffusion
model, representing the temporal evolution of popular files. that
the model represents popular files, and unpopular ones would
never do well in a P2P scenario—they must be handled almost
entirely by the central server. We studied three distribution
methods—centralized, peer-to-peer, and hybrid distribution.
We calculated the average per-user delay in each setting and
explicitly characterized the extent to which the hybrid approach
reduces the capacity required to achieve a target delay, in both
a single-file model and a model with files arriving over time.

A significant open question concerns the design of algorithms
that could be used in real CD-P2P hybrid content distribution
systems. Our analysis is deliberately from a performance an-
alytic view: Our results provide guidance to understand how
server provisioning affects performance of hybrid content dis-
tribution systems. However, in practice, online algorithms are
required to determine allocation of scarce server capacity across
multiple pieces of content, without knowing the eventual total
realized demand that can be achieved. The eventual goal is the
practical design of such schemes, to achieve the performance
outlined in this paper.

APPENDIX A
INTEREST EVOLUTION ON GENERAL SOCIAL GRAPHS

The model we consider in (1) assumes that the social graph of
users is fully connected, which might not be accurate in reality.
However, a similar evolution of interested users is observed even
when the social graph is not fully connected. In this case, con-
sider the following quantities:

¢ Ny, the population of users of degree k;

o I (t), the number of users of degree k interested at time ¢;

* 7, the rate at which an interested user contacts his neigh-

bors.
An approximate expression for the evolution of interest of users
of degree k is then given by

dln(t) Li(t) v
7 :k<Nk_Ik(t))2j:(IjTj;'

19)
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Equation (19) can be derived via a “mean-field” analysis as fol-
lows. The number of uninterested users of degree k at time ¢ is
Ny, — Ii(t), and each such user can potentially be interested by
any of his k neighbors. The probability that a given link points
to a user of degree j is ¢; = jp;/ >, {pe, where (pg, £ > 1) is
the degree distribution of the graph. The probability that such a
user of degree j is interested is I;(t)/N;. Also, such a user of
degree j tries to interest his neighbors uniformly and at random
with rate -y, resulting in any given neighbor being selected with
probability 1/j. Define

N L) N =L
Bi=s Gl = 0 6;(t) = NI
Summing over all k, we have
dI(t) 1(t)
5 = EO O - I0) - (20)
where
K(t)=> kéu(t) | Y 20;6,() @1
k

JB;

J

The differential (20) is similar to (1) and can be solved in a like
manner, yielding the solution

I(O)ef K(t)dt

I(t) = Ko — (1(0)/N) (Ko . K(t)dt)

(22)

where Ky = ef K(t)dt |t=0. The above expression holds for any
degree distribution on the graph. For example, in the case of
a d-regular graph, K (¢) would be a constant, and (22), upon
normalizing time, would look identical to (2). In the case of
other graphs, K (¢) might be decreasing with time resulting in a
“time stretched” version of the logistic function. In this paper,
we restrict ourselves to demand that evolves according to the
logistic function, which acts as an upper bound on all other viral
demand that could arise on different graphs.

APPENDIX B
A NOTE ON STREAMING OF STORED CONTENT

Consider a single video or music file that is broken up into
chunks. Let the user interest in the file as a whole follow a Bass
diffusion. It is clear that since all users start with the first chunk,
the demand for the first chunk is a Bass diffusion with /V poten-
tially interested users. The second chunk arrives deterministi-
cally after the first. Assuming that, in an order sense, the number
of interested users remains the same over all the chunks, the de-
mand looks much like Fig. 6, only instead of files, we now have
chunks and they all arrive deterministically at rate \.

Suppose we use the same hybrid approach to serving these
users, and we have a per-user average delay target of dy . If the
number of users served per chunk in the CD phase of each chunk
is my, then from Proposition 6, we choose my = Ne 4~ We
now check whether choosing a capacity of Amy for the CD
phase is sufficient to guarantee an average delay d. An upper
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Fig. 9. An upper bound on the delay experienced in the CD phase with deter-
ministic arrivals of chunks. The cumulative arrivals appear as a staircase as each
chunk is assumed to bring m n users instantaneously upon arrival.

bound on the cumulative demand and service curves (for the CD
phase of each file) appear as illustrated in Fig. 9.

Consider a time interval N/\. Then, the area under the de-
mand curve can be calculated as

Nz‘lm N—i myN(N+1)
rar DY 2)

whereas the area under the service curve is simply
(CNN2)/(2)\2). With Cny = muy, this is (mNNZ)/(Z/\)
Subtracting the two and dividing by the total number of users
Nmy who arrive in the time interval N/A, we obtain the
average delay per user to be 1/(2)). Noting that the average
delay requirement has to be dy > 1/A (since the chunks
arrive at spacing of 1/)), we see that provisioning for stability
automatically ensures that the P2P delay is dominant. Thus, a
capacity of ANe =%~ would suffice to provide an average delay
of d N Z 1 / A
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