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Abstract

This paper proposes a fast and reduced complexity frame and carrier acquisition scheme for orthogonal
frequency division multiplex (OFDM) systems which assume either a continuous or a burst mode operation
in additive white Gaussian noise (AWGN) and frequency-selective channels. By exploiting the repetitive
structure of a training symbol, a robust frame synchronizer is obtained and shown to resume to finding the
peak of a certain correlation metric that is obtained by invoking Maximum Likelihood principles. A new
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I. INTRODUCTION

Orthogonal frequency division multiplex (OFDM) systems have been adopted in many
high bit rate wireless transmission systems such as DVB, HiperLAN and IEEE 802.11a.
Due to the sensitivity of OFDM systems to synchronization errors, reliable synchronization
schemes must be designed for these systems. By exploiting the known structure of a training
symbol or a cyclic prefix, several schemes have been proposed for coarse estimation of the
carrier frequency offset and timing delay [2]-[10], and [12].

In [3], the training symbol contains two identical halves [+A +A], and the timing delay
estimator is obtained by searching for the peak of correlation between the first and second
halves of the received symbols. By comparing the phase difference between the identical
parts, a coarse frequency offset estimator is also proposed. However, the correlation peak
of the timing metric exhibits a plateau which causes large variance for the timing estimator
[5]. Based on a training preamble having the same structure as the one used in the Schmidl-
Cox’s estimator 3], reference [4] showed that the performance of the MMSE (Minimum Mean-
Square Error) and ML (Maximum Likelihood) timing estimators still perform unsatisfactorily.

Similar to the signaling set-up adopted in [3], Coulson used two repeated m-sequences as
a training symbol [8]-[9]. However, the proposed time synchronization algorithm is likely to
fail in the presence of large carrier frequency offsets [11], and presents high implementation
complexity due to the matched filtering. We remark also that a training symbol with the
same structure as the one proposed in [8] is exploited in [10] to develop reliable frequency
and time acquisition schemes. However, the proposed time synchronization algorithm is also
sensitive to large frequency offsets [11].

By adopting a structured training symbol of the form [+B +B -B -B|, Bhargava et.al.
proposed a coarse timing delay estimator that outperformed Schmidl-Cox’s estimator [5].
However, reference [5] does not provide any detailed insight or analysis pertaining to the
features of this estimator. Inspired by the signaling set-up proposed in [5], this paper aims
to develop reliable and reduced complexity coarse frame and carrier frequency acquisition

schemes that exploit a structured training symbol of the form:
B £ B £ B £ B]J, (1)

where B stands for a sequence of N/4 training samples with constant variance (power) (e.g.,
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an m-sequence), and it can be generated with good approximation by using an N/4-point
IFFT of an m-sequence. In fact, any signal with constant envelope in the time domain and a
bandwidth similar to the OFDM data symbol can be used as a training symbol. It is found
that among all the signaling set-ups (1), the training symbol:

+B +B —B +BJ, (2)

leads to timing acquisition schemes that exhibit the best detection properties in terms of
lower false detection probability and higher correct acquisition probability. In addition, it
turns out that the negative term -B present in (2) can be placed in any location with no
loss in performance'. By exploiting the structured training symbol (2), this paper proposes
robust acquisition schemes for time delay and carrier frequency offset for OFDM systems that
operate in additive white Gaussian noise (AWGN) and frequency-selective channels. The
proposed time synchronizer offers more accurate estimates than the estimators 3] and [5]. It
is also found that the performance of the proposed time and frequency offset estimators is
nearly the same as [8]. In addition, the proposed estimator assumes a reduced implementation
complexity and is more robust to large frequency offsets with respect to (w.r.t) [8].

The rest of paper is organized as follows. In Section II, we describe the signal model
and introduce some modelling assumptions. In Section III, an optimum maximum likelihood
(ML) estimator is derived for the continuous transmission scenario. We transform this ML
estimator into a sub-optimum estimator that presents reduced complexity and exhibits robust
performance to fading channel effects and large carrier frequency offsets for both burst and
continuous transmission scenarios. A theoretical performance analysis study is conducted
in Section IV. Finally, Section V describes computer simulations that illustrate the advan-
tages of the proposed estimator and that corroborate the theoretical performance analysis

performed in Section IV.

II. SIGNAL MODEL

The OFDM baseband signal is generated by the IFFT-transform:

N-1
1 .
z(n) = N > spe?™N L <n<N-1, (3)
k=0

LAll of them are similar to the Barker sequence of length 4.
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where s, represents the data sequence modulated on the kth subcarrier, which may assume
any modulation format (such as QAM or PSK), and is independently and identically dis-
tributed (i.i.d.) with zero mean and variance F{|s;|*} = ¢2. Let N, L, and 1/T,, = 1/(NTj)
denote the number of subcarriers, the length of cyclic prefix (guard time), and the subcarrier
spacing, respectively. Normally, the length of cyclic prefix L is selected to be not more than
N/5, which can be interpreted as a 1-dB signal-to-noise ratio (SNR) loss introduced by the
cyclic prefix [1, p. 46]. Herein, without loss of generality (w.l.o.g.) the value L = N/8 is
adopted.

At the beginning of our study, we assume a flat fading channel model to derive the
maximum likelihood estimator. Later it will be shown by computer simulations that the
proposed estimator works well for frequency-selective channels, too. Assuming the sampling

period Ts = T,,/N, the received signal samples can be expressed as:
r(n) = a(n)x(n — 9)e?F=N+ L ap(n) (4)

where ¥ stands for the timing offset, a(n) is the channel amplitude, ¢ := f.T, = f.NT} is the
normalized carrier frequency offset, 8 denotes the phase offset, and w(n) denotes the samples
of a zero-mean complex white Gaussian noise random process with variance E{|w(n)|*} = o2
and is assumed independent w.r.t z(n). In slow-varying channels, we can assume a(n) to
be a constant a over the duration of several OFDM symbols. The signal-to-noise ratio is
represented in terms of the variable SNR:=a?02/02.

After coarse frame and carrier synchronization is achieved, the receiver discards the cyclic
prefix, and the modulated symbol stream {s;} can be recovered by means of an FFT-
operation. Due to the presence of cyclic prefix, small (fractional) time offsets ¥ in mag-
nitude less than the interval (L) spanned by the cyclic prefix cause no ISI or interchannel
interference (ICI) [12]-[13]. The time offset induces a phase offset exp (—j27Yn/N) on the
nth subcarrier, which can be corrected using channel estimation techniques. Therefore, it is
sufficient to estimate the start of the training sequence within one sample period.

This paper focuses on the estimation of € and ¥ (packet detection). Although, o and 6 are
unknown to the receiver, their estimation can be avoided via differential encoding/decoding

or can be obtained with channel estimation (pilot symbol based) techniques [12]-[13].



ITI. MaxiMmuM LIKELIHOOD ESTIMATOR

To derive the maximum likelihood estimator, we use a method similar to the one reported
in [7]. First, we consider the continuous transmission scenario. Assume that the length of the
observation vector R is so long that it incorporates the whole training symbol [r(d) --- r(d+

N —1)]%:
R:=[r(d—p) r(d—p+1)---r(d) - r(d+N—1) 7(d+N) --- r(d+N+q—1)]", (5)

where U := p + ¢ + N denotes the length of the observation vector R, p and ¢ stand for
the lengths of the subvectors preceding and succeeding the training symbol, respectively.
Due to the repetitive structure of the training symbol, the autocorrelation function of the

observation vector takes the form:

a?o? + 02, m =0

(=) a?028t, m=tN/4; ne Ty; t=1,2,3
Gu(m) 1= E{r(wr*(n+m)} =4 (“1fa%28', m=tN/dne [ t=12  (6)
—a?0?p, m= N/4; n€ T

[ 0, otherwise ,

where a is assumed to be constant during the whole observation vector R, 3 := exp (—jme/2)
and I'; := [rd+(i_1) N/4 rd+iN/4_1]T, 1 = 1,...,4, represents the received samples corre-
sponding to the ith part of the training symbol.

For the channel assumed in (4), we obtain the conditional probability density function
(pdf) of the observation vector R w.r.t. {d, €} in the form

_exp (—R"CT'R)
SR e d) = =5 S5m0

: (7)

where []# is the hermitian transposition operator and C' is the autocorrelation matrix of
the observation vector R. Let I stand for the identity matrix of dimension k. From (6), it
follows that

C = diag{®,,(0)1,, Hy, ®(0)],}. (8)



where Hp is the block hermitian matrix

1 pB —pB  pB?
pB 1 —pB  pp?
Hy = (a®0? + 02) , . ® Inya (9)
—pB7* —pB~ L —pB
pb=*  pB —pBt 1
where p := SNR/(SNR + 1) and ® denotes the Kronecker product. Since C' has a diagonal

structure, its inverse is still diagonal:
C™' = diag{(1/®.(0))I,, HF', (1/®:(0)1,} - (10)

Exploiting the hermitian symmetry of Hy and the following property of the Kronecker
product (A® B)™t = A~ ® B~!, some calculations show that:

20+1  —pB  pB*  —pp’
_ —pB~" 2p+1  pB  —pf?
Hyl =k _2 . ® Inya s (11)
pB ps— 2p+1  pp

—pB7% —pB pBt 2p+1

where x := 1/(1+2p—3p?). Substituting (10) and (11) into (7), after some lengthy algebraic

manipulations, the pdf of R w.r.t. {e, d} becomes

1
N JE
J(Rle d) = oo
. d+N+q—1 d+N—1 d+N/4—1
exXp m Z |T‘(n)|2 + 3pf<§ Z |T(n)|2 + 2/‘%‘%2 Z
§ w n=d—p n=d n=d

[—r*(n)r(n+ N/4) +r*(n+ N/4)r(n+ N/2) + r*(n+ N/2)r(n + 3N/4)|5
+[r*(n)r(n + N/2) — r*(n + N/4)r(n + 3N/4)| 6% — r*(n)r(n + 3N/4)63)} } . (12)

where det(C') is a constant that does not depend on ¢ and d.

The maximum likelihood estimator for the time and carrier frequency offset is given by

(¢,d) = argmax f(R | £,d) (13)
&d
where ¢ and d stand for the trial values corresponding to time and frequency offset, respec-

tively. Defining sub-vectors R; := [r(d+ (i — 1)N/4), ---, r(d+iN/4 -1, i =1,...,4,
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and omitting the constants which are independent of € and d, we obtain the log-likelihood

function:

4
Ag d) = 302 |Ri|* — Q%Q[SR{{BE — Ry'Ry — Ry Ru) B+ (R Ry — Ry R3) 3% + R’ Ry ")

7 /
=1 _

Pi(d) P;(rd_) P3(d)

> 3p> R — 2%e[ |Py(d)B] + | Po(d) 3] + | Ps(d) 3% |

= 3p )y |Ril* = 2[|Pi(d)| + |Pa(d)| + | P3(d)]), (14)
= P(d)

where |R;|? := R R;. The expression (14) represents a decoupled timing metric A(d) which
still depends on the unknown time-varying amplitude a. We observe also that the first term
of A(d) is a power estimate of R. If we divide A(d) by its first term and omit the unknown
factor p, the following normalized time metric results:
Q) = e D
2 > it | Bil?

Later we will show that the mean value of Q(d) is independent of « in quasi-static chan-

(15)

nels. Hence, we have obtained a decoupled implementation of the time and frequency offset

estimators for flat fading channels:

arg max ¢(d), (16)

SN
I

) .
£ = —arg P(d). (17)
7
Let us consider the burst transmission scenario, e.g., a time division duplex (TDD) system.
Normally, the received frame is preceded by noise only. The autocorrelation matrix C'is block
diagonal:

C = diag{o>1,, Hy, (a’02+02)I,}. (18)

Using techniques similar to the ones depicted previously, we can obtain a log-likelihood
function which incorporates the dependency on the unknown number (p) of noise-like terms
preceding the training symbol in the observation vector R. Fortunately, as shown in Fig. 1, the
timing metric (15) still achieves a maximum value at the start of the frame. Therefore, (16)

and (17) can be used in both continuous and burst transmission scenarios. Since the proposed
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training symbol based fast acquisition scheme is more fit for burst mode transmissions, the
following analysis will focus on burst transmission scenarios.

Defining [ := d— d, after some lengthy algebraic manipulations (see Appendix-A), at high
SNR, we can approximate P(l) as a real non-central Gaussian random variable (RV) with

mean and variance
pp = (3N/2 —=T|l|)o%a®, o3 = (9N — 31]l|)o202a?/2, (19)
respectively, and which represent good approximations in the range |[| < N/6. By replacing?

the denominator of (15) by V(I) = %Z?:s |R;|?, the following metric is obtained:

_ P
2y IR

Note also that V(1) can be approximated for |I| < N/2 as a real Gaussian RV with mean and

Q) (20)

variance (see Appendix-A)
py = 3N/2(c2a® +02), oy =9No>2(c2a’ +02/2). (21)

Thus, V(1) is independent of [ when |I|] < N/2. Substituting (19) and (21) into (20), the
mean of Q(I) can be evaluated

14]]| M
=(1———= ] -p~1——=(high SNI 22

which is independent of a at high SNR in quasi-static flat fading channels.
For the training symbol [+A +A], a timing metric similar to (20) is proposed in [§]

, P'(1) |RIRy+ RY Ry
e , 23
COTV) T TIRETIRE )

and its mean value is given by p, = (1 — 2[l|/N) p.

Fig. 1-a depicts the expected value of the time metrics corresponding to two different
OFDM signaling set-ups with 128 subcarriers each. The plots illustrate that the experimental
value of the mean of metric Q(I) is very close to the theoretical value (22) for —N/6 < < 0.
Actually, the approximation (22) holds only for —N/6 <[ < 0 (see Appendix-A). However,

2One explanation for this modification is that we try to keep ug as small as possible for |I| < N/2 to obtain robust

packet detection.
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a similar analysis can be made for [ < —N/6, as it is shown by the experimental values
depicted in Fig. 1-a. A slightly increased discrepancy between the theoretical values (22)
and the experimental values appears whenever [ > 0, a result which is due to the fact
that the samples succeeding the training symbol contain data besides noise. Fig. 1-a shows
that the timing metric corresponding to the training symbol [+B +B -B +B| has a much
better localization property than that corresponding to the training symbol [+A +A]. Later
on, simulation experiments will be presented to illustrate further that the proposed time
acquisition scheme is robust to both ISI effects and carrier frequency offsets.

In [5], Bhargava et al. proposed a slightly different training symbol [+B +B -B -B|. Using
the same method as before, the timing metric corresponding to the training symbol [+B +B
-B -BJ takes the expression:

_ |R{'Ry + R{'Ry — RY'Rs| + |R{' Ry + R Ry| + | R'Ry|
3(| Rs|? + [Ral?)

Q1 (1) : (24)

By performing a similar analysis, the mean value of Q;(l) can be evaluated. In Fig. 1-
b, the mean values of several timing metrics are plotted. When compared with the timing
metric (20) corresponding to the training symbol [+B +B -B +B|, the timing metric (24)
has two undesirable peaks located in both intervals of the region |I| > N/6. In [5], Bhargava
proposed a timing metric similar to (24)
|RERy + RIR,|
055y [ Rif?)

which is found to present a large undesirable correlation peak as shown in Fig. 1-b, and

Q2(1) = (25)

consequently appears not to be appropriate for burst transmission scenarios. If only the last
two terms in the denominator of (25) are considered, the following modified timing metric is

obtained:
|R{' Ry + RY Ry
| R3|? + | Ral?

Fig. 1-b shows that the modified timing metric Q3(l) has four undesirable local peaks besides

Qs(l) = (26)

the desired correlation peak. Thus, the modified metric is less reliable than (24). Since the
timing metrics (24)-(26) have some undesirable peaks besides the desired correlation peak,
in what follows we will focus our analysis on the timing metric (20) corresponding to the

proposed training symbol (2).



The implementation of the timing acquisition scheme requires searching techniques for
finding the correlation peak of the timing metric. In [9], Coulson proposed a two-step based
searching technique for packet detection. We adapted this two-step searching technique to
fit the proposed timing metric.

Step 1. Coarse packet detection. A detection threshold T, is set up to assure that the receiver
can find the peak of the metric in a short range. The estimator compares Q(I) with a given
threshold T.. Once Q(l) > T., the receiver obtains a coarse packet detection range {2 and
proceeds with the next step.

Step 2: Fine packet detection and frequency offset estimation. In this step, the receiver
searches for the local peak® of P(l) in the range , and the frequency offset estimator is
implemented using (17). The resolution of this search step is limited to one sampling period.

Normally, the coarse estimated value [ obtained in the first step is always negative (we
assume w.l.o.g. that |l|] < Q), a fact which will be corroborated in the next section (see
Fig. 3). To detect the correct start (I = 0) of the packet, the receiver needs to search the
maximum of P([) by sliding the observation window R in a continuous interval that runs
from [ to [ + Q and that contains the correct starting point (I = 0) of the frame. Figs. 2-a
and 2-b depict two critical scenarios, where the right acquisition time is present at one of the
extremities of the searching interval. In any case, the receiver requires a processing delay in
the second step, which depends on the value . Thanks to the guard time (cyclic prefix) of
the succeeding OFDM symbol, as shown in the Fig. 2, if 2 = L, then the correct correlation
peak can be found in a search range equal to L. Fig. 2-b shows that the last location of the
sliding window will not overlap with the useful part of the succeeding OFDM symbol. Thus,
the second step requires a processing delay not larger than L.

Based on the above considerations, in the first step the following condition must be

satisfied for the success of fine packet detection step
forany l < —L, Q(l) <T,, and thereexists ! € [—-L,0] suchthat Q(I) >T., (27)

which means that the coarse packet detection is obtained only in the range of [—L + 1, 0].

3Q(l) can also be used in this step and we have found out that the searches based on these two different metrics

have almost the same performance in slow-varying channels. We consider the metric P(l) to simplify the analysis.
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IV. THEORETICAL ANALYSIS OF ESTIMATORS

In this section we perform a theoretical analysis of the estimators proposed in the previous
section. Since most of the detected peaks are delayed several samples from the correct time
in multipath environments (see Fig. 8) and OFDM is tolerant to this kind of errors whenever
a short cyclic postfix is present, in what follows we will limit the analysis of estimators only
for lags [ < 0. Since the samples succeeding the training symbol contain data besides noise,

we remark that the analysis is right only for [ < 0. The analysis for [ > 0 appears intractable.

A. Coarse Packet Detection

We use the same method as in [9], and define:
Z(1) = P() - T.V() . (28)

The receiver will declare it obtains coarse packet detection once Z(I) > 0. Since both P(l)

and V(l) can be approximated as real Gaussian RVs for high SNR, it follows that

p1 :=prob(Z(l) > 0) = %erfo (— \//%ZGZ) : (29)

where

py = pp— Ty , 0y :=o0p+T 07 —2T.cov{P,V} . (30)

From Fig. 3 we infer that (27) can be satisfied with probability asymptotically approaching
1.0 when 7, = 0.6 and SNR> 10 dB. As for [+A +A], there is no threshold value to get
robust (high probability) coarse packet detection in the range —L <1 < 0. A longer cyclic
prefix length L, e.g., L = N/4, can increase the probability of coarse packet detection, but
at the same time the system throughput is reduced.

In the absence of signal, the product of two noise vectors can not be omitted like the
approximation performed in Appendix-A. From [8], according to the Central Limit Theorem
(CLT), Pi(l), Px(l) and P3(l) can be approximated as three Gaussian RVs with variances
0?:=(1—i/4)No?, i=1,2,3, respectively. From (14), P(l) can be viewed as the summation
of three independent Rayleigh RVs with the pdfs f(z;) = 2x;/0? exp (—2?/0?), i =1,2,3.

Note also that V(I) can be viewed as a Gaussian RV with mean py := 3No?2 /2 and

variance 0% = 9Nol /2. Since a closed-form expression for the probability of false alarm
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pra = prob (|Pi()| + | ()| + |Ps(l)] > T.V(l)) can not be obtained, we resorted to nu-
merical calculations. For N = 128 and T, = 0.6, an extremely small value is obtained
pra = 1.38¢ — 9. Increasing the threshold 7. and training symbol length N can reduce
further the probability of false alarm (see Fig. 4). It is interesting to note that an upper
bound of pr4 may be obtained based on the inequality pra < prob (3|Pi(l)| > T.V (1)) =~
exp (—NT?2/(3+4T2))/+/1+ 4T2/3, which shows an exponential dependence w.r.t. N.

B. Fine Packet Detection

First, we derive the probability of a type of estimation error that takes place at the closest
neighbor to the correct time location. In Appendix-B, it is shown that A := P(0) — P(—1)
can be viewed as a real Gaussian RV with mean ua = 7o2a? and variance o3 := (41 +

12cos (B))o202a? < 530202 a? The probability of A < 0 can be expressed as

1 1 SNR
por := prob{A < 0} = ierfc (\/%§A> < Eerfc (7“1—06> : (31)

At high SNR, po, is very small, e.g., po, < 0.0033, at SNR= 9 dB. Thus, the detected corre-

lation peak deviates from the correct location to the closest neighbor with small probability.
Similarly, the probabilities of P(l) > P(0) for —Q <1 < —1 (2 = L = N/8) can be deter-
mined based on some similar calculations and they are much smaller than p,,.. Thus, we can
approximate the probability of fine packet detection psq by pra = 1 — po,.

As for the training symbol [+A +A], if the timing metric P'(I) (see (23)) is defined, a
similar result can be obtained for the difference between the time metric corresponding to
the correct time and that corresponding to its closest neighbor, A" = P'(0) — P'(—1). In
Fig. 5, it is shown that the normalized (with the same mean) variance of A" is much larger

than the normalized variance of A. Define

/ 1 N
p3r == prob{A < 0} = Qerfc (\/ STR> . (32)

It follows that a higher probability for detecting a (false) peak deviating from the correct
time to its neighborhood is expected for the Schmidl-Cox’s estimator [3], (e.g., p3, = 0.05
when SNR= 9dB). The above analysis shows that the proposed timing metric is more robust

than the timing metric corresponding to the training symbol [+A +A].
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C. Carrier Frequency Offset Estimation

According to (17), the identifiability limit of the proposed carrier frequency offset estima-
tor is given by |e| < 2, which is equal to twice the subcarrier spacing and is larger than that
corresponding to estimators [2], [3] and [8]. If there is no timing error, the estimator (17) is

shown (in Appendix-C) to be an unbiased estimator with mean-square error:

) 16 e
MSE[¢] ~ 0 7 N.SNR (33)

which is even smaller than the MSE of the frequency offset estimator proposed in [3]. In the
presence of small timing errors [ # 0 this estimator is shown (see Appendix-C) to be still

unbiased and its mean-square error is given by:

I pe—lC 2

~ . (34)
9.72. N-SNR- (1 — 4y

The MSE of the frequency offset estimator depends on the timing error, SNR and the length
of training symbol. Fig. 6-b indicates that small timing offsets result in little degradation.

Assume now the following general form of a training symbol with length N
[0S byST -+ barSa 1h (35)

where S; = B, i = 1,---, M, are identical sub-vectors of length N/M, and b; = +1 represents
a bit sign (+) associated with S;. We observe that the signaling set-ups proposed in [3], [8],
and in this paper are special cases of (35) M =2,b; =by=1,and M =4, b; =by =by =1,
bs = —1, respectively.

If R; is the observation vector corresponding to b;S; corrupted by the AWGN vector W,
a general estimator for € can be expressed as:

M v Iy bibigi RY i (36)
21 9“6[2?21 bibisi RER; 1] ’

£ =

which is unbiased, and the following general expression for the MSE of the frequency estimator

holds (see Appendix C):

M3
4-72. (M —1)2-N-SNR '

MSE[¢] = (37)
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For a fixed SNR and N, the value M = 4 minimizes (37) within the set of all even integers.
This result is corroborated by the set of curves depicted in Fig. 6-a. When compared with
[3] and [8], the proposed estimator (17) achieves a similar MSE-performance but assumes a
larger (twice) estimation range.

In [8], Coulson used the same coarse correlator as [3] before the matched filter to estimate
and correct the fractional frequency offset |e| < 1. Unfortunately, the received samples after
Coulson’s coarse frequency estimator might still be affected by large frequency offsets |e| > 1,
which will cause the failure of the fine packet detection step [11]. However, we note that the
proposed frequency estimator (17) is robust to large frequency offsets.

It is interesting that this single sliding window estimator (SSE) in (36) is a sub-optimal
and the simplest version of estimators used in [14] and [15]. References [14] and [15] propose
the best linear unbiased estimator (BLUE), which achieves the minimal variance by increas-
ing the complexity (M /2 sliding windows and properly weighted averaging). In Fig. 7, we
compare the performance and complexity between SSE and BLUE for different values of
the parameter M, which determines the frequency offset detection range. The designer can
choose a tradeoff between performance, detection range and complexity. Constrained by the
performance requirement (e.g., MSE less than 10~%), we should use the BLUE estimator to
detect large frequency offsets. If only small frequency offsets are to be compensated, the
reduced complexity SSE estimator can be selected.

Different from the above estimators, a nonlinear least-squares (NLS) approach was pro-
posed in [16]. An accurate NLS frequency offset estimation can be obtained by using large

FFT search grids, which lead to an increased complexity estimator.

V. NUMERICAL ANALYSIS OF ESTIMATORS

We assume a wireless OFDM system of bandwidth 5 MHz operating at 5.8 GHz, with
N = 128 subcarriers and cyclic prefix L = 16. The channel is time-varying continuously
with a maximum Doppler frequency of 50 Hz and has an exponentially decaying power-delay
profile with 16 independent T,-spaced Rayleigh-fading paths that are modelled in accordance
with Jakes model. The root-mean square delay spread for this power-delay profile is assumed
Trms = 1 sample, and the maximum delay spread is 16 samples. A frequency offset f, =

0.8NT; is assumed. A number of 2,000 Monte Carlo trials were performed for each SNR
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point.

A. The Performance of Algorithms

The performance of five algorithms are compared by computer simulation: (a) Schmidl-
Cox method [3], (b) Modified method A, which assumes the timing metric @'(l) (23) and
the training symbol [+A +A] (no cyclic prefix), (¢) Modified method B, which assumes the
timing metric (26), (d) Proposed method (20), and (e) Coulson’s method [8]. We assume that
methods (a)-(d) use the same searching techniques as the ones proposed in Section III. The
threshold value for the coarse packet detection step is set to T, = 0.6 for all five methods and
SNR> 6 dB. The second threshold value for the matched filter in [8] is set to 0.5. Because
of the poor localization properties of the Schmidl-Cox method and the modified method A,
we extend the searching range from L to 2L during the second searching step.

At SNR=20 dB, the distributions of timing estimation errors [ are shown in Figs. 8, where
the path with strongest power is assumed to be the correct time. The high inaccuracy of
the Schmidl-Cox method (in Fig. 8-a) is due to the cyclic prefix which causes a plateau for
the timing metric [5]. In Figs. 8 b-e, most estimation errors are delayed values in the range
0 <1 < 2. The delayed errors will result in interference between adjacent symbols. In [17], a
short cyclic postfix is used to mitigate ISI errors due to delayed FFT windows. Here we use
a cyclic postfix with length 2 for the OFDM symbols succeeding the training symbol.

The timing errors [ > 2 or [ < 0 will still cause ISI, and we compare the probabilities
of this kind of timing errors for all the five estimators in Fig. 9. Most timing errors of the
Schmidl-Cox method induce ISI and a longer cyclic prefix for succeeding symbols is needed
to decrease the ISI, which means a loss in the system throughput. Although no cyclic prefix
(no plateau for timing metric) is used in the modified method A, its performance is worse
than methods (c¢) and (d). The performance of method (c) is close to that of the proposed
estimator. But in our simulation, we use high quantization resolution (limited by computer)
when calculating the timing metrics. If a small quantization resolution (e.g., 6 bits) is used,
due to its undesirable peaks beside the correct peak in Fig. 2, it can be expected that the
packet detection of method (c¢) is much worse than that of the proposed scheme. Due to the
excellent autocorrelation characteristic of m-sequences, it is not surprising that Coulson’s

method provides the best performance. However, Coulson’s method is sensitive to large
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frequency offsets as discussed in [11].

Next, we compare the performance of frequency offset estimators. The same frequency
offset estimator as [3] is used in the case of estimators (a) and (b). No carrier estimator was
proposed in [5]. Therefore, we extend the corresponding frequency estimator here. Since (26)
exploits only the set of statistics R Ry and RY Ry, a frequency offset estimator similar to

(17) and which exploits only the reduced set of statistics present in (26) can be expressed as:
2

From Fig. 10, it is concluded that the MSE of the proposed estimator is almost the same
as that of Coulson method and modified method A. However, the proposed estimator (17)
exhibits a larger identifiability range. The larger MSE of (38) is due to the neglected statistics
RIR3;. Thanks to the cyclic prefix, which preserves the periodic correlation among the
samples of the received signal in the presence of slow varying multipath channel, the Schmidl-
Cox frequency estimator provides better performance than the other methods, especially at
high SNR. According to [1], for a negligible degradation of about 0.1 dB, the maximum
tolerable frequency offset is less than 1% of the subcarrier spacing, a condition which is
satisfied by all estimators (excluding the estimator (38)) whenever SNR> 13dB. Therefore,
we expect that this improvement of the frequency offset estimate due to the cyclic prefix
present in the training symbol can hardly improve the BER performance. Actually, the BER
performance will degrade due to the large timing errors created by the presence of the cyclic

prefix (see Fig. 8-a), a fact that will be later verified by simulations.

B. System Performance

In order to assess the performance of the proposed synchronization scheme, we compare
the BER performance of three systems: the proposed scheme (dash line), the Schmidl-Cox
scheme (dash-dot line), and the perfect synchronization scenario (solid line), respectively. We
use DQPSK/DBPSK modulations in the frequency domain to simplify the receiver. An 1/2-
rate convolutional code with 16 states, and block interleaving are utilized to correct random
and burst errors caused by additive noise and frequency nulls created by deep fades.

When compared to the system with ideal synchronization, the Schmidl-Cox scheme presents

a large degradation for both DBPSK and DQPSK modulations (see Fig. 11). As shown in
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the Fig. 8-a, the detected value [ often deviates from the start of the frame (I = 0) in the
presence of dispersive channels. The timing errors have two impacts and both of them de-
grade the BER. First, a phase rotation exp (j2nin/N) is induced by small timing errors [ < 2,
which leads to a constant phase difference exp (j27l/N) between the adjacent subcarriers.
The second impact and main reason for degradation is ISI induced by timing errors [ > 2.
As for the system with the proposed scheme (dash line), for DBPSK, it has almost the
same performance as the system with ideal synchronization. However, for DQPSK, the
proposed estimator results in 0.3-dB degradation. The main reason for this degradation is
due to the phase rotation induced by small timing errors [ < 2. However, this degradation
can almost always be avoided by using channel estimation techniques to correct the linear

phase offset between adjacent subcarriers.

VI. CONCLUSIONS

Motivated by the need to obtain a clear assessment of Barghava’s estimator [5], this
paper developed a fast and robust frame and carrier synchronization scheme for burst and
continuous-mode OFDM transmissions in AWGN and ISI-channels. The proposed scheme
exploits the repetitive structure of a training symbol and presents superior performance w.r.t.
the Schmidl-Cox approach [3] and Bhargava’s method [5] in terms of better detection proper-
ties and accuracy, and extended identifiability range of the carrier estimate. When compared
with Coulson’s method [8], the proposed scheme presents a reduced implementation com-
plexity*, and is more robust to large carrier offsets and exhibits nearly the same performance
in terms of estimation accuracy. It is also interesting to remark that the structure of the

proposed training sequence can be expressed directly in terms of a length-4 Barker sequence.
Appendix A: Statistical Properties of Correlator Output at High SNR
Assuming a small time offset [ < 0 from the start of frame, the observation vector R around

the location of the training symbol can be expressed as

R = aXel®m=n/N+0) Ly (39)
4For each sample, the proposed scheme needs 8 complex products while Coulson’s method needs N/244 complex

products.
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where X = [X{ XJ X7 X]]" is the observed training symbol shifted by [ samples from the
correct time and W := [W' W Wi W]" is the white noise vector independent w.r.t. X.
Let S; and Sy denote the first and the second part of S (= B) with lengths N/4—|l| and ||,

respectively. Thus, it is easy to rewrite X; = [0---0 ST|", Xy = [ST ST]", X3 = [ST —STF
[2]
and Xy =[S ST]". Let Wj; and Wiy, ¢ = 1,2, 3, 4, represent the first and the second part

of W; with lengths || and N/4 — |I|, respectively. The following relations hold

Pi(l) = RI'Ry — RY R3 — RY R,
=B H(BN/4 = 3|l))o2a® + a[WHSy + WS, — WHS,871 + 2Re(SEW 8 — SHEW3,6%)
—20m(SEW318%) + SEW 8% — SEW L8 1} + WHEW, — WHEW, — WHW,
~BH(BN/4 —3|l))o%a? + a[WHSy + WS, — WHS,7! + 2Re (ST WS — SHW306?)
—20m(S5 W31 8%) + S{TWia8° — ST Wi 87} (40)

where we omit the products of two noise vectors. Thus, P;(l) can be approximated by a

complex Gaussian RV. As for |Py(1)] := v/Re*(P.(1)) + Im?(Pi(1)), it is a Rice RV. At high

SNR, it is accurate to approximate | P;(l)| by its real part

[P (1)] =~ Re(Pi(1) = (3N/4 — 3|I])o2a® + aRe[WT Sy + WS, — WHS,57
W S8~ = 2W3 51872+ WiES187° — WiS:,577 (41)

which is correct for —N/4 <1 < 0 to keep the first term (signal part) positive. Similarly, for
—N/6 <1 <0, we can approximate | Py(l)| by

|P,(1)] ~ (N/2—3|l])o%a® + aRe(—W{S + WS, — Wi S,371
+WHS 87 — WS B2+ WS, + WS 877 . (42)

For —N/4 <1 <0, |Ps(1)| can also be approximated as
|P5(1)] = (N/4 = |l|)o2a® + aRe(—W)] Sy + WS, + W{5S167%) . (43)
Based on (41)-(43), for —N/6 <1 <0, it follows that

P(l) =~ (3N/2—17|l])o%a® + aRe(—WL Sy + 3WHS, — 2WH S,571
+3WH S 7 = 3W S, 872 + 3WES.187%) (44)
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which is made up of a number of real Gaussian random variables. Thus, P(l) can be viewed

as a real Gaussian RV. As for V(I), we approximate it by
V(1) = 3(N = |l])o2a?/2+ 6aRe(Wy] Sy — WISy — W3 1+ WiES1) + 3|Ws|* + 3|Wy|* . (45)

From [8], if N/2 is sufficiently large, according to the CLT, V(I) can be approximated as a

real Gaussian RV with mean and variance:
py = 3N/2(c2a* +02), oy :=9No2(02a®+ 02 /2), (46)
respectively. From (44) and (45), it follows that cov(P, V) = 18(N/4 — |l])o%02 a?.
Appendix B: Approximation for A = P(0) — P(—1)

If the estimated | advances one sample from the correct time, P(l) can be rewritten as

Q

P(—1) (BN/2 —T)o2a® + aRe[3(W3 + Wi B3~ — W32 + W3S,

—(wy; + 2w§16*1)52] ) (47)

where W;; and S5 are replaced by the scalars w;; and s, respectively.

In the absence of timing error, P(l) becomes

P(0) =~ 3NoZa?/2+ 3aRe[(W3 + Wa B~ — W2+ WEB7)S5:
+(ws; + wglﬂ_l - wLﬁ_Q + w;5_3)52] 3 (48)
where ws is a noise component introduced by the last sample of so. Thus, the difference
P(0) — P(—1) can be approximated by
P(0) — P(—1) = T02a” + aRe[(w]; +wi (34+2671) +3ws, 371 — 3w B2+ 3wi B %)sy], (49)

which can be viewed as a real Gaussian RV with mean 7o2a? and variance (41+12 cos §)o202 o?

Appendix C: Statistical Properties of the Carrier Frequency Offset Estimator

If I =0, Pi(l) can be expressed as

Pl(O) ~ 30&26_1|S|2 + Oé(g_lle + 6_2W2H - 6_3W3{i)8 + O(SH(WQ - ﬁWg + ﬁZWQ
Nf N

+WIW, — WEWs — WIW, =~ 302875 + a(NS + SEN,). (50)
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According to (16), the carrier frequency offset estimator is given by

£ = gar Im[AO]Y garctan 3a| S|sin(en/2) + Im(NY' S + 57 No) (51)
T\ mep(0)]) T 3a|S[2cos(e7/2) + Re(NFS + SAN,) )~
Using the same method as in [2], we can obtain

tan [z(é— s)] ==
2 Re[P1(0)6]
If the estimation error |& — €| is very small, tan[7(é — ¢)] can be approximated by 7 (¢ —¢),
and (52) becomes

s 2ImP(0)8] 2 Jm(BN{S + BSHTN,)

~

T T Re[P(0)8] T 7w 3|S2a + Me(BNES + BSHN,)
where the last approximation holds at high SNRs. From (53), we infer that the proposed

, (53)

2 Im(BNFS + BSHNy)
7 3152

carrier frequency offset estimator is unbiased if there is no timing error. The mean-square

error of estimate £ can be obtained after some simple calculations:

16
A 2] _
E[(é —¢)7] 0 2. N.SNR - (54)
In the presence of small timing error [, from (40) and (53), it follows
2Jm(P(l

s 3|Sl|2(l/
where Jm(P;(1)f3) is a zero mean RV with variance N (1 + 10[l|/N)a2c2 /4 for ||| < N/4. In

this case, the estimator (51) is still unbiased and its MSE becomes

16 - (1+ 2

E[(é —e)!] ~ ( v 4Ny
9.7 N-SNR- (1 — 4l

(56)

Furthermore, we can extend the above analysis to a more general framework. If a general
kind of training symbol (35) with constant length N and frequency offset estimator (36) are
assumed, using the same method as in (51)-(53), it is easy to obtain a similar expression for
the estimation error

M Jm(B' NS + 3 SEN,)

e o (M-DSPa (57)

where ' 1= exp (—j2re /M), N = SV by exp (j2kme/M)WH and Ny = S0 b exp (—52

(k — 1)me/M)W,;. Eq. (57) leads to the following general MSE-expression of estimator (36):
MS

T 4-m2. (M—1)2-N-SNR "

E( —e)’] (58)
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