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Abstract

A low complexity feedforwardsymbol-timingestimatorbasedon theConditionalMaximumLikeli-

hoodprincipleis proposed.An approximationis appliedto theFourierseriesexpansionof theconditional

maximumlikelihoodfunction suchthat implementationcomplexity is greatly reduced.It is shown that

theproposedestimatorcanbeviewedasageneralizationof thewell-known squarenonlinearityestimator

proposedby Oerderand Meyr in [8]. Simulation resultsshow that the performanceof the proposed

estimator is very close to the conditional Cramer-Rao bound and is better than that of the square

nonlinearityestimator.

Index Terms

Feedforward,SymbolTiming Estimator, ConditionalMaximum Likelihood,Low Complexity

EDICS number : CL1.5.1,SynchronizationTechniques

The authorsare with the Departmentof Electrical Engineering,Texas A&M University, College Station,TX 77843-3128,

USA. Phone:(979) 458 2287,Fax: (979) 862 3128,email:
�
ycwu, serpedin� @ee.tamu.edu.�

The correspondingauthoris Dr. Erchin Serpedin.



I . INTRODUCTION

In [1], the symbol timing estimationproblemis formulatedin matrix form andsolved using

Conditional Maximum Likelihood (CML) principle. Specifically, the complex envelope of a

received linear modulationis given by
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where *  is the unknown phaseoffset; �
�

is the complex valuedsymbol beingsent;

� �+�	� is the

transmitpulseshapewith unit energy, which is assumedto be a root raisedcosinefilter with

roll-off factor , ; � is the symbolperiod; �! .-0/213(5476 is the unknown symbol timing delay to be

estimatedand %8���	� is thecomplex-valuedcircularly distributedwhite Gaussiannoisewith power

density 9  . The received signal is filtered by anti-aliasingfilter and thensampledat rate 4;:<��= ,
where ��=8>?�@:5A . The received vector B , which consistsof C  ;A consecutive received samples

(where C  is theobservationlength),canbeexpressedas(without lossof generality, we consider

the received sequencestartat �D
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where1
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In the above expressions,C is the numberof symbolsaffectedby the Inter-SymbolInterference

(ISI) introducedby onesideof

� ���	� .
The joint maximumlikelihoodestimateof �! and T  is givenby maximizing(� and T arethe

trial valuesfor the timing delayandthe datavector respectively)

vr� BKw �f( T �n
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1Notation ��� denotesthe transposeof � and �5� denotesthe transposeconjugateof � .



or equivalently minimizing

� � Bbw �f( T ��
�� B ��PSR T � � � B �XPSR T ��H (8)

In the CML approach,the nuisanceparametersT are modelledas deterministicand estimated

from the received vector B . From the linear signal model given in (2), the minimum variance

unbiasedestimatefor T (when � is fixed) is [2]

�T 
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Plugging(9) into (8), aftersomestraightforwardmanipulationsanddroppingthetermsirrelevant

to optimization,the timing delay is estimatedby maximizing the following CML function [1]

� ���^��
 B � PSR!��P �R PSR	� [ba P �R B H (10)

In general,the maximum of the CML function can be found by plugging different values

of � into (10). The value that provides the maximum value of
� �+�f� is the CML estimate.

Since � is a continuousvariable, this exhaustive searchmethodrequiresa lot of computation

and is impractical.Alternatively, a timing error detector(TED) [1] can be usedin a feedback

configuration.However, in burst modetransmission,a feedforward timing delay estimator[3]-

[5], [8] is preferredsince feedbacksynchronizersusually requirea relatively long acquisition

time. In this letter, a new methodfor optimizing (10) is proposedso that a low complexity

feedforward symbol-timingestimatorresults.

I I . PROPOSED ESTIMATOR

Supposewe calculated� uniformly spacedvaluesof
� ���^� using (10) suchthat a sequence� �F�`��> � ���`: � � for ��
?13(347(LHJH�H�( � -1 is obtained(without loss of generality, we only consider

� is even). Let constructa periodic sequence�� �+�|� by periodically extending
� ���f� . Further,

denote �� �+�^� asthecontinuousandperiodicfunctionwith its samplesgivenby �� �+�|� . According

to samplingtheorem,as long as the samplingfrequency � is higher than twice the highest

frequency of �� ���^� , then �� ���^� canberepresentedby its samples�� ���|� without lossof information.

Being a periodic function, �� �+�^� canbe representedin termsof its Fourier seriesexpansion:

�� �+�f��
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where
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and (12) follows from the standardrelationshipbetweenthe discreteFourier transform(DFT)

andthe Fourier seriesexpansionof a periodicsequence[9]. From (11), it canbe seenthat once

thecoefficients
� � aredetermined,�� ���^� canbecalculatedfor any � -�/215(3476 . Thentheproblemof

maximizing(10) cannow bereplacedby maximizing(11).For efficient implementation,�� ���^� for1#¡0��¡E4 canbe approximatedby a ��¢ -point sequence,denotedas
� ��� ¢ � for 1�¡m� ¢ ¡ ��¢ �Q4 ,

by zeropaddingthehigh frequenciescoefficientsof
� � andperforminga � ¢ -point inverseDFT.

For sufficiently largevalueof ��¢ , � ��� ¢ � becomesvery closeto �� �+�^� for 1l¡£��¡¤4 , andtheindex

with the maximumamplitudecan be viewed as an estimateof the unknown timing parameter�! .
To avoid thecomplexity in performingthe ��¢ -point IDFT, anapproximationis appliedto (11).

More precisely, extensive simulationsshow that it is sufficient to approximate(11) as follows

�� ���^��¥ � � $£¦7§©¨�ª � a�������� R	« for 1l¡£��¡E4;( (13)

where §¬¨	ª;­ « standsfor real part of ­ . In order to maximize
� �+�^� , we notice

®5¯o° � � a)��
m�#¦7x��f( (14)

where ®�¯)° ��­±� denotesthe phaseof ­ . Or equivalently,
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The estimateddelay
²� is the normalizedtime difference(with respectto � ) betweenthe first

sampleof thereceivedvector B andthenearestoptimumsamplinginstant.Thecalculationwithin

the ®�¯)° ��H�� operationis actually the ¦c³;´ output of a � -point DFT of the sequence
� �F�`� (or the

Fourier coefficient at symbol rate µ 
E4;:<� ).

The proposedestimatorin (15) only involves the calculation of � samplesof the CML

function using(10), a � -point DFT, andan ®5¯o° ��H�� operation.From the simulationresultsto be



presented,it is found that � = 4 is sufficient to yield goodestimatesin practicalapplications.2

Therefore,the 4-point DFT in (15) can be computedeasily without any multiplications.The

main complexity comesfrom the calculationof the 4 samplesof
� ���^� using (10). However,

noticethat the matrix PSR!��PS�R PSR	� [ba PS�R canbe pre-computedfor � 
¶�e:�· with 1#¡m�¸¡
¹ . This

greatlyreducesthearithmeticcomplexity of implementation.Complexity canbe further reduced

by approximatingthe pre-computedPSRi�ºP �R PSR�� [ba P �R using Sum-of-Power-of-Two (SOPOT)

expressions[6], [7].

I I I . RELATIONSHIP WITH THE SQUARE NONLINEARITY ESTIMATOR

In this section,we will show that the proposedestimatorin (15) can be viewed as a gener-

alization of the squarenonlinearityestimator[8]. First considerthe ����(o»^��¼+½ elementof P �R PSR����(o»�
¶� C (L� C $m4;(;HJH�HJ( C  V$ C ��47� ,
/ P �R PSR�6 � � 
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where ¾�R!����(o»^��> ³5À �7Á ³5Â ] �
� ��%u�u=����h���Ã�k�#� � �+%u�u=V��»k�Ä���k�l� and ¿

�
� 
Å4 if �D
�» andzero

otherwise.Therefore,with thematrix inversionlemma, �ºP �R PSR<� [ba 
��ºÆi�#Ç�R<� [ba 
ÄÆi�È��Æi�#Ç [baR � [ba
where Æ is the identity matrix and / Ç�R<6

�
� >É¾�R��+��(o»^� . Pluggingthis result into (10), it follows that
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Now considerthe � ¼+½ elementof P �R B �+�t
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The last equalityholds if ����%\��=	� is consideredto be an infinite lengthsequencewith its values

equal to zero for %mÌÍ1 and %mÎ C  . It is recognizedthat the summationin (17) is just the

2Note that the minimium Ï for the proposedestimatorin (15) to work is Ï�ÐÒÑ , but Ï�Ð@Ó is preferredsince4-point DFT

is moreeasilycomputed.



filtering of ��u���	��>
�G�+�	��ÔÈ���	� , where ÔÕ���	� is a rectangularwindow with length C  �� , by

� ���	� and

thensampledat �Ö
×���u$¬�^��� . If we define ­t�+�	�V>
� �+�	�uØ ������	� where Ø denotesconvolution, we

have / P �R B 6
� 
£­t�)�+�±$j�^���#� . Pluggingthis result into (16) gives

� ���`��
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with Ùt���`��> [ba� � [5] w ­t������$l�!�Ú: � � w � $ ] � _5]`[ba� � ] � w ­t������$l�!�Ú: � � w � � B �'PSRi�ºÆc�ÛÇ [baR � [ba PS�R BKw R � ��� � .

Therefore,the proposedCML feedforward timing delayestimatorin (15) canbe rewritten as

²��
¶� 4¦7x ®�¯)° ª
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If thesecondtermin the à �
� ��H�� operationis ignoredand � =4, we have thewell known squaring

algorithm[8]. Note that only A =2 is requiredin the CML estimatorwhile the original squaring

algorithmin [8] requiresAmÎ
¹ . Although the squaringestimatormight be extendedto work at

thesamplingrate A

¶¦ by computingintermediatesamplesthroughinterpolationbeforesymbol

timing estimation,the simulation resultspresentedin the next sectionshow that the proposed

estimatoroutperformsthe squaringalgorithm.

IV. SIMULATION RESULTS AND DISCUSSIONS

Figure 1 shows the Mean SquareError (MSE) against á =<: 9  for the proposedalgorithm in

(15) and the IDFT interpolationmethodwith various ��¢ . The conditionalCramer-Rao bound

(CRB) [1] is alsoshown asa reference.In thesimulations,themodulationis QPSK, , =0.5, A =2,

� =4, C  =100and C =3. �! is uniformly distributedin therange /213(5476 . *  is generatedasuniformly

distributedrandomvariablein the range /2�'x�(ox�6 and is constantin eachestimation.Eachpoint

is obtainedby averaging 471Lâ simulationruns. It can be seenthat the proposedalgorithm (15)

hasa performancesimilar to thatof IDFT interpolationmethodwith ��¢ =2048.This justifiesthe

approximationin (13). Furthermore,the performanceof the algorithm(15) is very closeto the

conditionalCRB. This meansthat the estimator(15) almost reachesthe ultimate performance

of the CML principle.

The performancesof the estimator(15) and that of the squarenonlinearity estimatorare

comparedin Figure 2 for C  �
g47151 . The parametersusedfor the proposedestimator(15) are

the sameasthat in Figure1. Note that A

¶· is assumedfor the squarenonlinearityestimator.

It is apparentthat while both estimatorshave similar MSE performancesat low á =7: 9  , the



estimator(15) hassmallerMSEs at high á =<: 9  . It is the additionalterm in (19) that improve

the performanceof the CML algorithmwith respectto that of squarenonlinearityestimator.

V. CONCLUSIONS

A new and low complexity feedforward symbol-timing estimatorbasedon the conditional

maximum likelihood principle is proposed.Simulation results show that the performanceis

good and very closeto the conditionalCRB. Furthermore,the proposedestimator(15) can be

viewed asa generalizationof the well-known squarenonlinearityestimator, andit is shown that

the estimator(15) performsbetter.
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Fig. 1. MSE for the proposedalgorithm and the IDFT interpolationmethodwith Ï.ã =16, 128, 2048 for QPSK, ä =2, Ï =4,å =0.5, æ � =100 and æ =3.
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Fig. 2. Comparisonof the MSE for the proposedalgorithmandthe squarenonlinearityestimatorwith QPSKand æ � ÐÒçFèoè .


