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Abstract

A low compleity feedforward symbol-timingestimatorbasedon the ConditionalMaximum Lik eli-
hoodprincipleis proposedAn approximatioris appliedto the Fourier seriesexpansiorof the conditional
maximumlik elihood function suchthat implementationcomplexity is greatlyreducedlt is shavn that
theproposedestimatorcanbe viewedasa generalizatiorof thewell-known squarenonlinearityestimator
proposedby Oerderand Meyr in [8]. Simulationresultsshav that the performanceof the proposed
estimatoris very close to the conditional CramerRao bound and is better than that of the square

nonlinearity estimator
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. INTRODUCTION

In [1], the symboltiming estimationproblemis formulatedin matrix form and solved using
Conditional Maximum Likelihood (CML) principle. Specifically the complex envelope of a

receved linear modulationis given by
r(t) =%y " dig(t —iT — &,T) + n(t), (1)

whered, is the unknovn phaseoffset; d; is the complex valuedsymbol being sent; g(t) is the
transmitpulse shapewith unit enepgy, which is assumedo be a root raisedcosinefilter with
roll-off factora; 71" is the symbolperiod;e, € [0, 1] is the unknovn symboltiming delayto be
estimatedandn(t) is the complex-valuedcircularly distributedwhite Gaussiamoisewith power
density N,. The receved signalis filtered by anti-aliasindfilter andthen sampledat rate 1/7,
whereT, 2 T//Q. The receved vectorr, which consistsof L,Q consecutie receied samples
(wherelL, is the obsenationlength),canbe expresseds(without lossof generality we consider

the receved sequencestartat ¢t = 0)
r=[r(0) (T, ... r((L,Q — )T,)]" = A.,d, +n, 2
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In the above expressions/ is the numberof symbolsaffectedby the Inter-Symbolinterference
(IS1) introducedby one side of g(t).

The joint maximumlik elihoodestimateof ¢, andd, is givenby maximizing (¢ andd arethe
trial valuesfor the timing delay andthe datavectorrespectiely)
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p(rle,d) = (7)

INotationxT denotesthe transposef x andx denoteshe transposeconjugateof x.



or equialently minimizing
J(rle,d) = (r — A.d)? (r — A.d). (8)

In the CML approachthe nuisanceparametersl are modelledas deterministicand estimated
from the receved vector r. From the linear signal model given in (2), the minimum variance

unbiasedestimatefor d (whene is fixed)is [2]
d=(AFA.)'Alr. ©)

Plugging(9) into (8), after somestraightforward manipulationsanddroppingthe termsirrelevant

to optimization,the timing delayis estimatedoy maximizing the following CML function [1]
Ae) =r7A(AZA)'Ar. (10)

In general,the maximum of the CML function can be found by plugging different values
of ¢ into (10). The value that provides the maximum value of A(e) is the CML estimate.
Sincee is a continuousvariable, this exhaustve searchmethodrequiresa lot of computation
and is impractical. Alternatively, a timing error detector(TED) [1] can be usedin a feedback
configuration.However, in burst modetransmissiona feedforward timing delay estimator[3]-

[5], [8] is preferredsince feedbacksynchronizerausually require a relatively long acquisition
time. In this letter, a new methodfor optimizing (10) is proposedso that a low compleity

feedforward symbol-timingestimatorresults.

Il. PROPOSED ESTIMATOR

Supposewe calculatedK uniformly spacedvaluesof A(e) using (10) suchthat a sequence
A(k) 2 A(k/K) for k = 0,1, ..., K-1 is obtained(without loss of generality we only consider
K is even). Let constructa periodic sequence\(m) by periodically extending A(k). Further
denoteA (¢) asthe continuousandperiodicfunctionwith its samplesgivenby A(m). According
to samplingtheorem,as long as the samplingfrequeny K is higher than twice the highest
frequeny of A(¢), thenA(e) canberepresentedy its samples\ () withoutlossof information.
Being a periodicfunction, A(¢) canbe representedn termsof its Fourier seriesexpansion:

Ae) = i A, el?e (11)

p=—00



where
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0 otherwise,

and (12) follows from the standardrelationshipbetweenthe discreteFourier transform(DFT)
andthe Fourier seriesexpansionof a periodicsequencg9]. From (11), it canbe seenthat once
the coeficients A, aredetermined/ () canbe calculatedor ary € [0, 1]. Thenthe problemof
maximizing(10) cannow be replacedby maximizing(11). For efficientimplementation(¢) for
0 < e <1 canbe approximateddy a K’-point sequencegdenotedas A(k') for 0 < k' < K' —1,
by zeropaddingthe high frequenciesoeficientsof A, andperforminga K’-pointinverseDFT.
For sufficiently large valueof K’, A(k') becomesvery closeto A(e) for 0 < ¢ < 1, andtheindex
with the maximumamplitudecan be viewed as an estimateof the unknavn timing parameter
€0

To avoid the compleity in performingthe K’-point IDFT, anapproximations appliedto (11).

More precisely extensve simulationsshow that it is sufficient to approximate(11) asfollows
Ae) = Ag + 2Re{A17™}  for0<e<1, (13)
whereRe{z} standsfor real partof z. In orderto maximize A(¢), we notice
arg(A;) = —2me, (24)

wherearg(xz) denoteghe phaseof x. Or equivalently,

1 K—1 .
A —j2nk/K
é o arg{; A(k)e }. (15)

The estimateddelay ¢ is the normalizedtime difference(with respectto 7') betweenthe first
sampleof therecevedvectorr andthe nearespptimumsamplinginstant.The calculationwithin
the arg(.) operationis actually the 2"¢ outputof a K-point DFT of the sequence\(k) (or the
Fourier coeficient at symbolrate f = 1/T).

The proposedestimatorin (15) only involves the calculation of K samplesof the CML

function using (10), a K-point DFT, andan arg(.) operation.From the simulationresultsto be



presentedit is foundthat K = 4 is sufficient to yield good estimatesn practicalapplications?

Therefore,the 4-point DFT in (15) can be computedeasily without ary multiplications. The
main complity comesfrom the calculationof the 4 samplesof A(¢) using (10). However,

noticethatthe matrix A.(A” A.)~'A¥ canbe pre-computedor ¢ = k/4 with 0 < k£ < 3. This
greatlyreduceghe arithmeticcompleity of implementationCompleity canbe furtherreduced
by approximatingthe pre-computedA.(AZA.)"*A using Sum-of-Paver-of-Two (SOPQ)

expressiond6], [7].

[11. RELATIONSHIP WITH THE SQUARE NONLINEARITY ESTIMATOR

In this section,we will shav that the proposedestimatorin (15) can be viewed as a gener
alization of the squarenonlinearity estimator[8]. First considerthe (i, j)!" elementof AZA_
(i,j=—-L,—L+1,...,L,+ L—1),

LoQ—-1
[AFAL); = Y g(nT, —iT — eT)g(nT, — jT — T
n=0
= Y g(nT, —iT —T)g(nT, — jT — €T) — z(i, j)
= 5ij - Za(ivj)a

wherez.(i,7) £ 35, o nsp, 9(nTs —iT — eT)g(nTy — jT —eT) and;; = 1 if i = j and zero
otherwise Thereforewith thematrixinversionlemma,(AZA.)~' = 1-Z.)~!' = 1-(I-Z_")™!

wherel is the identity matrix and [Z.];; = z.(4, 7). Pluggingthis resultinto (10), it follows that
Ale) = |A x> —e"A. X1 —-Z71) ' Ay, (16)

Now considerthe i** elementof Af’r (i = —L,~L+1,...,L, + L — 1),
LoQ-1
[Ay];, = Z g(nTs —iT — €T)r(nTy)
n=0

o

= Z g((i +¢&)T — nTy)r(nTy). (17)

n=—oo

The last equality holdsif r(nT5) is consideredo be an infinite length sequencewith its values

equalto zerofor n < 0 andn > L,. It is recognizedthat the summationin (17) is just the

2Note that the minimium K for the proposedestimatorin (15) to work is K = 3, but K = 4 is preferredsince4-point DFT

is more easily computed.



filtering of 7#(t) £ r(t)w(t), wherew(t) is a rectangulawindow with length L,T", by g(¢) and
thensampledatt = (i +¢)7'. If we definex(t) £ ¢(t) ® 7(t) where® denotesconvolution, we

have [AZr|; = z((i + €)T'). Pluggingthis resultinto (16) gives
Lo—1
A(k) =Y |2(iT + kT/K)|* + T(k), (18)

=0
with (k) £ S [o(iT+KT/K) P+t e (i + kT K P—r AL(1-Z2) " AP x|y .
Therefore,the proposedCML feedforward timing delay estimatorin (15) canbe rewritten as

KLo,—1

K-1
1 ; j
e=—g-arg{ Y [2(UT/K)Pe P £ 3T (k)e K, (29)
1=0 k=0

If thesecondermin thearg(.) operationis ignoredand K'=4, we have the well known squaring
algorithm[8]. Note that only Q=2 is requiredin the CML estimatorwhile the original squaring
algorithmin [8] requires@ > 3. Although the squaringestimatormight be extendedto work at
the samplingrateQ = 2 by computingintermediatesampleghroughinterpolationbeforesymbol
timing estimation,the simulation resultspresentedn the next sectionshow that the proposed

estimatoroutperformsthe squaringalgorithm.

V. SIMULATION RESULTS AND DISCUSSIONS

Figure 1 shows the Mean SquareError (MSE) againstF; /N, for the proposedalgorithmin
(15) and the IDFT interpolationmethodwith various K’. The conditional CramefRao bound
(CRB)[1] is alsoshavn asareferenceln the simulationsthe modulationis QPSK,a=0.5,(Q=2,
K=4, L,=100and.=3. ¢, is uniformly distributedin therange|0, 1]. 6, is generatecsuniformly
distributedrandomvariablein the range|—m, 7] andis constantiin eachestimation.Eachpoint
is obtainedby averaging10* simulationruns. It can be seenthat the proposedalgorithm (15)
hasa performancesimilar to thatof IDFT interpolationmethodwith K’=2048.This justifiesthe
approximationin (13). Furthermorethe performanceof the algorithm (15) is very closeto the
conditional CRB. This meansthat the estimator(15) almostreacheghe ultimate performance
of the CML principle.

The performancesof the estimator(15) and that of the squarenonlinearity estimatorare
comparedin Figure 2 for L, = 100. The parameteraisedfor the proposedestimator(15) are
the sameasthatin Figure 1. Note that () = 4 is assumedor the squarenonlinearityestimator

It is apparentthat while both estimatorshave similar MSE performancest low E;/N,, the



estimator(15) hassmallerMSEs at high E,/N,. It is the additionalterm in (19) that improve

the performanceof the CML algorithmwith respectto that of squarenonlinearity estimator

V. CONCLUSIONS

A new and low complity feedforward symbol-timing estimatorbasedon the conditional

maximum likelihood principle is proposed.Simulation results shov that the performanceis

good and very closeto the conditional CRB. Furthermorethe proposedestimator(15) can be

viewed asa generalizatiorof the well-known squarenonlinearityestimatoy andit is shovn that

the estimator(15) performsbetter
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Fig. 1. MSE for the proposedalgorithm andthe IDFT interpolationmethodwith K'=16, 128, 2048 for QPSK, Q=2, K=4,
«=0.5, L,=100and L=3.
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Fig. 2. Comparisorof the MSE for the proposedalgorithm and the squarenonlinearity estimatorwith QPSKand L, = 100.



